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あらまし 確率伝搬法は与えられた確率分布の周辺分布を効率的な計算量で求めることのできる計算手法であり，ルー

プの入った確率伝搬法 (LBP)の場合には，(収束した場合に)近似的な周辺分布を与えることが知られている．本稿で

は，平均 0の多次元ガウス分布に対して，LBPによって近似的に周辺分布を求めた場合に，真の周辺分布に対する近

似周辺分布のずれを理論的に考察する．具体的には，ガウス分布の分散共分散行列が 1重ループのグラフ構造に対応

する場合に，厳密にメッセージの精度，近似周辺分布の精度，真の分布と近似周辺分布との間の KL距離を理論的に

導出する．さらに，分散分散共分散行列が任意のグラフ構造をとり共分散が小さいときの場合に，近似周辺分布の精

度，KL距離について，共分散の低次からの展開式を理論的に導出する．
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Abstract Belief propagation (BP) is an algorithm which can compute marginal probability distributions with a

tractable computational cost. Loopy belief propagation (LBP) applied to the graphs containing loops is known to

provide marginal distributions approximately if LBP converges. In this paper, we apply LBP to a multi-dimen-

sional Gaussian distribution that has loops and analytically show how accurate LBP is in some cases. Specifically,

we analytically show messages, approximate marginal densities, and the KL distances at fixed points of LBP when

the graph corresponding to a Gaussian distribution has at most a single loop. Besides, for the graphs which have

arbitrary structures, we derive the expansions of approximate marginal densities when covariances are small.
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1. introduction

Belief propagation (BP) is an algorithm which can com-

pute marginal probability distributions of a target distri-

bution with a tractable computational cost and has widely

been studied in the areas such as probabilistic inference for

artificial intelligence, turbo codes, low-density parity check

(LDPC) codes, code division multiple access (CDMA), and

probabilistic image processing. It is known that belief prop-

agation provides exact marginal probability distribution of

a tree graph but not of a graph with loops. Loopy belief

propagation (LBP), which is the BP applied to the graphs

containing loops, has a problem whether it converges or not

and if it does, LBP provides approximate marginal probabil-

ity distributions. The conditions for the uniqueness of LBP

fixed points have been studied [1], which is considered to have

a close connection to convergence of LBP. The approximate

accuracy of LBP has been theoretically studied when the



target distribution is defined on the discrete random vari-

ables [2] [3] and studied in graphical models such as Markov

random fields [4]. From the viewpoint of information geome-

try, the approximate accuracy has also been studied [5] [6]. In

probabilistic image processing, the accuracy has numerically

been assessed through comparing the value of a estimated

hyperparameter given by LBP with the exact value based on

Gaussian graphical models [7] [8].

In this paper, we show the approximate accuracy of LBP

analytically when we apply it to a multi-dimensional Gaus-

sian distribution that has loops and clarify the quantities

that decide degrees of the approximation and know the dif-

ference between approximate and true distributions. The sit-

uation in which we apply LBP to a multi-dimensional Gaus-

sian distribution can be seen in Gaussian Markov random

fields [4] and probabilistic image processing based on Gaus-

sian graphical models [7] [9]. In addition, clarifying the theo-

retical properties of LBP in the simple and standard models

such as a Gaussian distribution may help to know the prop-

erties of more complex LBP and to design LBP algorithm

efficiently. In this paper we analytically clarify the messages

which appear in LBP, approximate marginal probability den-

sities, and the Kullback-Leibler (KL) divergence between ap-

proximate and true marginal densities at the fixed points of

LBP. We exactly calculate these quantities when the inverse

covariance matrix of a Gaussian density corresponds to a

graph with a single loop. After that, we generalize the results

to the graph with a single loop and arbitrary tree structures.

Moreover, when the graph has arbitrary structures (i.e., the

graph has multiloops), we derive the expansions of inverse

variances of approximate marginal densities at small covari-

ances.

This paper is organized as follows. In section 2, we review

the scheme of belief propagation. In section 3, we show the

main results of this paper. In section 4, we give the brief

proofs (due to limitations of space). In section 5, conclusion

and future works follow.

2. Belief Propagation

Here, we review the scheme of belief propagation. We re-

view the belief propagation for tree structures in section 3.1,

loopy belief propagation in section 3.2, and the LBP which

is applied to a Gaussian distribution in 3.3.

2. 1 Belief Propagation for Tree Graphs

Let the target distribution to which we apply belief prop-

agation be the pairwise form as

p(x) =
1

Z

∏
{ij}∈B

Wij(xi, xj), (1)

where Z is the normalization constant and B is the set which

shows the existence of correlation between xi and xj . For ex-

ample, when x = (x1, x2, x3, x4)
T and correlations exist in

pairs {x1, x2}, {x2, x3}, and {x1, x4} respectively, the set B

is expressed as B = {{12}, {23}, {14}}. When the graph

corresponding to the set B is a tree graph, the marginal

distributions {pi(xi)}, {pij(xi, xj)} are exactly calculated

as follows by using normalized messages {Mi→j}, {Mj→i},
({ij} ∈ B).

pi(xi) =
1

Zi

∏
k∈Ni

Mk→i(xi)

pij(xi, xj) =
1

Zij

( ∏
k∈Ni\{j}

Mk→i(xi)

)
W (xi, xj)

×
( ∏

k∈Nj\{i}
Mk→j(xj)

)
. (2)

Here, both Zi and Zij are the normalization constants and

Ni is the subset of random variables which directly correlate

with random variables xi.

2. 2 Loopy Belief Propagation

Eqs.(2) are exactly correct when the graph corresponding

to the set B is a tree graph. In loopy belief propagation,

we compose marginal distributions by eqs.(2) even when the

graph has loops. This leap of logic yields the problem of

convergence of LBP or provides approximate marginal dis-

tributions if LBP converges. Since marginal distributions

{pi(xi)} and {pij(xi, xj)} should satisfy consistency con-

straints
∫

pij(xi, xj)dxj = pi(xi), messages {Mi→j} satisfy

the following equations.

Mi→j(xj) =
1

Z̃ij

∫ ∞

−∞
Wij(xi, xj)

∏
k∈Ni\{j}

Mk→i(xi)dxi,

Mj→i(xi) =
1

Z̃ji

∫ ∞

−∞
Wij(xi, xj)

∏
k∈Nj\{i}

Mk→j(xj)dxj .

(3)

Because eqs.(3) are composed by 2|B| equations in total,

eqs.(3) are the decision equations for 2|B| messages {Mi→j}.

2. 3 Gaussian Belief Propagation

We assume that the target probability density in eq.(1) is a

multi-dimensional Gaussian probability density whose mean

vector is 0 and x ∈ Rd:

p(x) =

√
det S

(2π)d
exp

{
−1

2
xT Sx

}
. (4)

Here, S is an inverse covariance matrix and we denote

the components of the matrix S by (S)ij = si,j . Then,

Wij(xi, xj) in eq.(1) can be expressed as

Wij(xi, xj) = exp
{
−1

2
(

si,i

|Ni|x
2
i + si,jxixj +

sj,j

|Nj |x
2
j )

}
,



(5)

where |Ni| is the number of elements of subset Ni. We set

the condition |Ni| > 0 for ∀i ∈ {1, · · · , d}. For clarity of

notation, we put
si,i

|Ni| = s̃i,i.

We assume that the probability densities of messages

{Mi→j} are Gaussian densities as follows.

Mi→j(xj) =

√
λi→j

2π
exp

{
−λi→j

2
x2

j

}
. (6)

Then, by substituting eqs.(6) into eqs.(3), we reduce eqs.(3)

to the decision equations for the parameters of inverse vari-

ances {λi→j} as follows.

λ̃i→j = − s2
i,j

si,i +
∑

k∈Ni\{j} λ̃k→i

. (7)

Here, we put {λ̃i→j} as λ̃i→j ≡ λi→j − s̃j,j . After obtaining

the values of {λ̃i→j} which satisfy eqs.(7), we compose mes-

sages {Mi→j} by eqs.(6). Next, we compose approximate

marginal densities {p̃i(xi)} and {p̃ij(xi, xj)} by substituting

eqs.(6) into eqs.(2). That is, we obtain marginal densities by

substituting {λi→j} which satisfy eqs.(7) into

p̃i(xi) ∝ exp
{
−

∑
k∈Ni

λk→i

2
x2

i

}
,

p̃ij(xi, xj) ∝ exp
{
−(xi, xj)

S̃i,j

2

(
xi

xj

)}
,

S̃i,j ≡




s̃i,i +
∑

k∈Ni\{j}
λk→i si,j

si,j s̃j,j +
∑

k∈Nj\{i}
λk→j


 .

(8)

Throughout this paper, we put the inverse variances of ap-

proximate marginal densities as Λi(≡
∑

k∈Ni
λk→i).

3. Main Results

Our aim is to derive messages, approximate marginal den-

sities, and the KL distances at fixed points of LBP. In section

3.1, we exactly calculate these quantities when the inverse

covariance matrix S corresponds to the graph with a single

loop. In section 3.2, we develop the results for a single loop

to the graph with a single loop and arbitrary tree structures.

In section 3.3, we give the expansions of inverse covariances

of approximate marginal densities when the covariances are

small. The proofs for each claim are written in section 4.

3. 1 On the Graphs with a Single Loop

When the inverse covariance matrix S corresponds to the

graph which has only a single loop as illustrated in Fig.1,

without loss of generality, we can restrict the set B to

B = {{12}, {23}, · · · , {d − 1d}, {d1}}. Then, for the mes-

sages {Mi→j} at fixed points of LBP, the following theorem

holds.
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図 1 examples of single loops

［Theorem 1］ When the inverse covariance matrix S cor-

responds to the graph given by B = {{12}, {23}, · · · , {d −
1d}, {d1}}, the inverse variances of messages {λi→j} at fixed

points are given by

λi→i+1 =
si,i+1∆i,i+1 − si+1,i+2∆i+1,i+2 ±

√D
2∆i+1,i+1

,

λi→i−1 =
si,i−1∆i,i−1 − si−1,i−2∆i−1,i−2 ±

√D
2∆i−1,i−1

,

D ≡ (det S)2 + (−1)d4s1,2s2,3 · · · sd−1,dsd,1 det S, (9)

where i ∈ {1, 2, · · · , d} and periodic boundary conditions

hold (e.g., sd,d+1 ≡ sd,1 and s1,0 ≡ s1,d). ∆i,j are the cofac-

tors of the matrix S.

Theorem 1 gives immediately the following corollary for

approximate marginal densities at a fixed point of LBP.

［Corollary 1］ When the inverse covariance matrix S cor-

responds to the graph given by B = {{12}, {23}, · · · , {d −
1d}, {d1}}, the inverse variances {Λi} and the inverse covari-

ance matrices {S̃i,i+1} of approximate marginal densities are

given by

Λi =
det S

∆i,i

(
1 +

(−1)d4s1,2 · · · sd,1

det S

) 1
2
,

S̃i,i+1 =

(
Ei,i+1
∆i,i

si,i+1

si,i+1
Ei,i+1

∆i+1,i+1

)
, (10)

where

Ei,i+1 ≡ det S +
√D

2
− si,i+1∆i,i+1. (11)

From corollary 1, we know that, if si,i+1 → 0, {Λi} and

S̃i,i+1 hold

Λi → det S

∆i,i
, i ∈ {1, · · · , d},

S̃i,i+1 →
(

det S
∆i,i

0

0 det S
∆i+1,i+1

)
(12)

respectively by using Ei,i+1 → det S. These results are

equivalent to the true inverse variances and covariances of

marginal densities respectively. Since si,i+1 → 0 means that

a single loop (e.g., Fig.1) turns to a tree graph and LBP

changes to BP algorithm for tree structures, eq.(12) agrees

with and explains the well-known fact that BP provides true



marginal densities but LBP provides approximate marginal

densities.

In order to know the difference between true and approxi-

mate marginal densities obtained by LBP, if we calculate the

Kullback-Leibler (KL) and symmetrized KL (SKL) distances

between both marginal densities, the following theorem is

obtained. Here, KL and SKL distances are defined as

KL(q(x)||p(x)) ≡
∫

q(x) log
q(x)

p(x)
dx, (13)

SKL(q(x), p(x)) ≡ KL(q(x)||p(x)) + KL(p(x)||q(x)).

(14)

［Theorem 2］ The KL and SKL distances between true

marginal densities pi(xi) and approximate marginal densi-

ties p̃i(xi) are given by

KL(pi||p̃i) = −1

2
+

1

2
(1 + ε)

1
2 − 1

4
log

(
1 + ε

)
,

SKL(pi, p̃i) = −1 +
1

2
(1 + ε)−

1
2 +

1

2
(1 + ε)

1
2 . (15)

where ε is defined as

ε ≡ (−1)d4s1,2 · · · sd,1

det S
. (16)

Similarly, the KL and SKL distances between pij(xi, xj)

and p̃ij(xi, xj) are given by

KL(pi,i+1||p̃i,i+1) = −1− 1

2
log(1− ∆̄i,i+1)

−1

2
log

{
(
1 +

√
1 + ε

2
)2 − s2

i,i+1∆ii∆i+1,i+1

(det S)2

}

+
1 +

√
1 + ε

2
+

si,i+1∆i+1,i

det S
, (17)

SKL(pi,i+1, p̃i,i+1) = −2 +
[
1+

1

1− ∆̄i,i+1

{
(
1 +

√
1 + ε

2

−si,i+1∆i,i+1

det S
)2 − s2

i,i+1∆ii∆i+1,i+1

(det S)2

}−1]1 +
√

1 + ε

2
,

(18)
where we put ∆̄i,i+1 ≡ ∆2

i,i+1
∆i,i∆i+1,i+1

.

From theorem 2, we can know that, if ε → 0, both KL and

SKL go to 0. Hence, KL and SKL distances are decided by

the parameter ε. In other words, the parameter ε determines

the accuracy of LBP when the inverse covariance matrix S

forms the graph with only a single loop.

3. 2 A Single Loop and Tree Structures

The results for a single loop in section 3.2 immediately tell

us the case that the graph has a single loop and arbitrary tree

structures. In practice, we show the inverse variances {Λi}
at a fixed point of LBP through an example. We calculate

{Λi} when the graph is expressed as Fig.(3). The undirected

graph in Fig.(3) can be equivalent to the directed graph in

Fig.(4) after replacing inverse variances {si,i} as

s1,1 → s′1,1

(
≡ s1,1 − s2

4,1

s4,4

)
,

Tree 

Tree 

T
ree 

Tre
e 

図 2 loop + tree structures
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s2,2 → s′2,2

(
≡ s2,2 − s2

5,2

s5,5
− s2

6,2

s6,6

)
,

s3,3 → s′3,3


≡ s3,3 − s2

7,3

s7,7 − s2
8,7

s8,8


 (19)

(These replacements are understandable by solving eqs.(7)

directly). In Fig.(4), the direct edges indicate that there ex-

ist messages in those directions but not in reverse direction

(e.g., message M1→4(x4) exists but message M4→1(x1) does

not between nodes x1 and x4). Then, since the nodes x1, x2,

and x3 form a closed single loop, referring to the results of

corollary 1, we obtain inverse variances {Λ′i}, i ∈ {1, 2, 3} as

Λ′i =
det S′

∆′
i,i

(
1 +

(−1)d4s1,2s2,3s3,1

det S′

) 1
2
. (20)

Here, S′ and ∆′
i,i are the inverse covariance matrix and the

cofactor respectively composed by {s′i,i} instead of {si,i}.
The others {Λi}, i ∈ {4, · · · , 8} are calculated as follows by

using the notation of continued fractions.

Λ′4 = s4,4 − s2
1,4

Λ′1+
s2
4,1

s4,4
, Λ′5 = s5,5 − s2

2,5

Λ′2+
s2
5,2

s55
,

Λ′6 = s6,6 − s2
2,6

Λ′2+
s2
6,2

s6,6
, Λ′8 = s8,8 − s2

7,8

Λ′7+
s2
8,7

s8,8
,

Λ′7 = s77 − s2
8,7

s8,8
− s2

3,7

Λ′3+
s2
7,3

s7,7−
s2
8,7

s8,8
(21)

(These equations are also understandable by solving eqs.(7)).

In a similar way, we can obtain {Mi→j}, {pi(xi)},
{pij(xi, xj)}, and KL distances in various connected graphs

which have at most a single loop.

3. 3 Expansions of fΛig at Small Covariances

In this section, we aim at obtaining the expansions of {Λi}



when the graph has arbitrary structures but covariances are

small. To achieve that, we introduce a new parameter s

and change the off-diagonal components of the matrix S to

(S)ij = ssi,j , where s satisfies 0 <= s <= 1. If s = 0, the

matrix S turns to a diagonal matrix and if s = 1, the matrix

S turns to the original matrix S in eq.(4). Then, we clarify

the expansions of {Λi(s)} with respect to s. In this paper we

derive the terms up to third-order. Before that, we prepare

the following theorem for inverse variances {Λi}.

［Theorem 3］ The approximate inverse variances {Λi} at

fixed points of LBP satisfy either of
∑d

i=1
2|Ni| simultaneous

equations

|Ni|−2+
2si,i

Λi
=

∑
j∈Ni

±
√

1 +
4s2s2

j,i

ΛjΛi
, i ∈ {1, · · · , d},(22)

where ± indicates either of positive or negative for each term

in the summation.

Since ± assigns either of positive or negative for each term,

there exist
∑d

i=1
2|Ni| simultaneous equations in eqs.(22) in

total. We note that there exist extra simultaneous equations

which has no solution {Λi}. For example, if |Ni| >= 2 for ∃i

and all the signs are negative, there is no solution.

At s = 0, the approximate inverse variances should be

equal to true inverse variances (i.e.,Λi(0) = si,i for i ∈
{1, · · · , d}) since the matrix S corresponds to a tree graph.

After imposing these conditions, we obtain the following the-

orem.

［Theorem 4］ For
∑d

i=1
2|Ni| simultaneous equations in

Theorem 3, conditions Λi(0) = si,i, i ∈ {1, · · · , d} holds if

and only if all the signs in the summation are positive. That

is, the simultaneous equations are given by

|Ni|−2+
2si,i

Λi
=

∑
j∈Ni

√
1 +

4s2s2
j,i

ΛjΛi
, i ∈ {1, · · · , d}.(23)

Then, the solutions of the inverse variances {Λi} which sat-

isfy eqs.(23) have the expansions as

Λi(s) = si,i −
d∑

j=1( |=i)

s2
j,i

sj,j
s2 + O(s4). (24)

Compared with the result of theorem 4, the true inverse

variances are expanded as follows.

det S

∆ii
= si,i −

d∑
j=1( |=i)

s2
j,i

sj,j
s2 +

si,i

3
[tr(S−1

d So)
3

−tr{(Sd)−1
i,i (So)i,i}3]s3 + O(s4). (25)

Here, matrices Sd and So are the diagonal and off-diagonal

matrices which satisfy S = Sd + sSo respectively. Matrices

(Sd)i,i and (So)i,i are the minor matrices of Sd and So with

the i-th row and column omitted. From the eqs.(24)(25),

we can know that the approximate inverse variances {Λi}
give exact coefficients up to second-order term but differ

from third-order term. Then, the KL distances between both

marginal densities have the expansions as follows.

［Theorem 5］ KL distances between true marginal densi-

ties pi(xi) and approximate marginal densities p̃i(xi) have

no term up to third-order with respect to s. That is,

KL(pi||p̃i) = O(s4) for i ∈ {1, · · · , d} hold.

Theorem 5 tells us that approximate marginal densities

calculated by LBP are so close to the true marginal densities

when covariances in S are small (i.e., s ¿ 1).

4. Proofs

We give the brief proof for each claim.

Proof of Theorem 1

When B = {{12}, {23}, · · · , {d− 1d}, {d1}}, from decision

equations (7), λ̃d→1 satisfies the following equation by using

the notation of continued fractions.

λ̃d→1 = − s2
d,1

sd,d −
s2

d−1,d

sd−1,d−1 − · · · s2
2,3

s2,2 −
s2
1,2

s1,1 + λ̃d→1

.(26)

For the right-hand side of eq.(26),

1

sk,k −
s2

k−1,k

sk−1,k−1 − · · · s2
1,2

s1,1 + λ̃d→1

=
∆

(1,···,k−1)
1,1 λ̃d→1 + ∆k,k

∆1,1λ̃d→1 + det S − 2sk,1∆k,1 − s2
k,1∆

(1,···,k−1)
1,1

(27)

holds when k ∈ {2, · · · , d} by using induction. Here,

∆
(1,···,k−1)
11 is the cofactor which variables x1, · · · , xk−1 cre-

ate. From eq.(27), eq.(26) can be rewritten as a quadratic

equation

∆1,1λ̃
2
d→1 + (det S − 2sd,1∆d,1)λ̃d→1 + s2

d,1∆d,d = 0.(28)

Then, the solution λ̃d→1 is given by

λ̃d→1 =
− det S + 2Sd,1∆d,1 ±

√D
2∆1,1

,

D = (det S)2 − 4sd1(∆d1 det S − sd1∆
2
d1 + sd1∆dd∆11)

= (det S)2 + (−1)d4s1,2s2,3 · · · sd−1,dsd,1 det S. (29)

For the second equal sign in D, we use the equation

∆d,d∆1,1 −∆2
d,1 = ∆

(1,···,d−1)
1,1 det S. (30)

Eq.(30) is proved by induction using tridiagonal matrices.

After substituting eq.(29) into λd→1 = λ̃d→1 + s̃1,1 , we ob-

tain λd→1. We obtain the other values {λi−1→i} by applying

cyclic permutations (1, · · · , d) to λd→1, the value λ1→d by ap-

plying the permutation
(

1,2,···,d
d,d−1,···,1

)
to λd→1, and the other

values {λi→i−1} by applying cyclic permutations (1, · · · , d)



to λ1→d. (Q.E.D.)

Proof of Corollary 1

By substituting eqs.(9) into eqs.(8) and imposing Λi > 0,

we obtain eqs.(10). (Q.E.D.)

Proof of Theorem 2

After substituting eqs.(10) into eqs.(8), we calculate KL

and SKL distances (14). (Q.E.D.)

Proof of Theorem 3

The simultaneous equations (7) are rewritten as the 2|B|
simultaneous equations

λ̃i→j = − s2
i,j

Λi − λ̃j→i

(31)

by using the variable transformation of Λi =
∑

k∈Nk
λk→i.

Then, the variable λ̃i→j satisfies

λ̃i→j = − s2
i,j

Λi +

s2
j,i

Λj − λ̃i→j

(32)

and can be written as

λ̃i→j =
Λj

2
± Λj

2

√
1 +

4s2
i,j

ΛiΛj
. (33)

Since λ̃i→j satisfies Λj =
∑

k∈Nj
λ̃k→j + sj,j and we substi-

tute eq.(33) into this equation, we obtain the decision equa-

tions for {Λj} as follows.

Λj = sj,j +
∑

k∈Nj


Λj

2
± Λj

2

√
1 +

4s2
k,j

ΛkΛj


 . (34)

(Q.E.D.)

Proof of theorem 4

By substituting s = 0，Λi = si,i into eqs.(22), we know

that all the signs have to be positive. When we substitute

the expansions

Λi = si,i − ai1s− ai2s
2 − ai3s

3 + · · · (35)

into eqs.(23) and compare the coefficients up to third-order

term, we obtain

ai1

si,i
= 0,

ai2

si,i
+

a2
i1

si,i
=

s∑
k=1( |=i)

s̄k,i,

ai3

si,i
+

2ai1ai2

s2
i,i

+
a3

i1

s3
i,i

=

d∑
k=1( |=i)

s̄k,i

(
ak1

sk,k
+

ai1

si,i

)
,(36)

where we put
s2

i,j

si,isj,j
≡ s̄i,j . By solving these equations, we

obtain

ai1 = ai3 = 0, ai2 =

d∑
k=1( |=i)

s2
k,i

sk,k
. (37)

(Q.E.D.)

Proof of Theorem 5

By substituting eqs.(24)(25) into KL distance

KL(pi||p̃i) = −1

2
+

1

2

Λi

det S/∆ii
+

1

2
log

det S/∆ii

Λi
, (38)

we expand KL(pi||p̃i) up to third-order. Then, the second

and third terms of eq.(38) are expanded as

1

2

Λi

det S/∆ii
=

1

2
− 1

6
tr[(S−1

d So)
3 − {(∆ii)

−1
d (∆ii)o}3]s3

+O(s4),

1

2
log

det S/∆ii

Λi
=

1

6
tr[(S−1

d So)
3 − {(∆ii)

−1
d (∆ii)o}3]s3

+O(s4) (39)

respectively and KL(pi||p̃i) = O(s4) are obtained. (Q.E.D.)

5. Conclusion and Future Works

In this paper, we focus on applying LBP to a multi-

dimensional Gaussian distribution and analytically clarify

the messages, approximate marginal densities and KL dis-

tances at fixed points of LBP under some conditions. We

know that the accuracy of LBP are decided by a simple pa-

rameter ε when the inverse covariance matrix is described as

a graph with a single loop. For the arbitrary graph, we derive

the expansions of inverse variances of approximate marginal

densities at small covariances. We have several future works,

some of which are to derive convergence rate to fixed points

of LBP, to compare with numerical experiments, and to pro-

pose a correction algorithm for LBP.
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