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Abstract Belief propagation (BP) is an algorithm which can compute marginal probability distributions with a
tractable computational cost. Loopy belief propagation (LBP) applied to the graphs containing loops is known to
provide marginal distributions approximately if LBP converges. In this paper, we apply LBP to a multi-dimen-
sional Gaussian distribution that has loops and analytically show how accurate LBP is in some cases. Specifically,
we analytically show messages, approximate marginal densities, and the KL distances at fixed points of LBP when
the graph corresponding to a Gaussian distribution has at most a single loop. Besides, for the graphs which have
arbitrary structures, we derive the expansions of approximate marginal densities when covariances are small.
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. . agation provides exact marginal probability distribution of
1. introduction ] )
a tree graph but not of a graph with loops. Loopy belief

Belief propagation (BP) is an algorithm which can com-
pute marginal probability distributions of a target distri-
bution with a tractable computational cost and has widely
been studied in the areas such as probabilistic inference for
artificial intelligence, turbo codes, low-density parity check
(LDPC) codes, code division multiple access (CDMA), and

probabilistic image processing. It is known that belief prop-

propagation (LBP), which is the BP applied to the graphs
containing loops, has a problem whether it converges or not
and if it does, LBP provides approximate marginal probabil-
ity distributions. The conditions for the uniqueness of LBP
fixed points have been studied [1], which is considered to have
a close connection to convergence of LBP. The approximate

accuracy of LBP has been theoretically studied when the



target distribution is defined on the discrete random vari-
ables [2] [3] and studied in graphical models such as Markov
random fields [4]. From the viewpoint of information geome-
try, the approximate accuracy has also been studied [5] [6]. In
probabilistic image processing, the accuracy has numerically
been assessed through comparing the value of a estimated
hyperparameter given by LBP with the exact value based on
Gaussian graphical models [7] [§].

In this paper, we show the approximate accuracy of LBP
analytically when we apply it to a multi-dimensional Gaus-
sian distribution that has loops and clarify the quantities
that decide degrees of the approximation and know the dif-
ference between approximate and true distributions. The sit-
uation in which we apply LBP to a multi-dimensional Gaus-
sian distribution can be seen in Gaussian Markov random
fields [4] and probabilistic image processing based on Gaus-
sian graphical models [7] [9]. In addition, clarifying the theo-
retical properties of LBP in the simple and standard models
such as a Gaussian distribution may help to know the prop-
erties of more complex LBP and to design LBP algorithm
efficiently. In this paper we analytically clarify the messages
which appear in LBP, approximate marginal probability den-
sities, and the Kullback-Leibler (KL) divergence between ap-
proximate and true marginal densities at the fixed points of
LBP. We exactly calculate these quantities when the inverse
covariance matrix of a Gaussian density corresponds to a
graph with a single loop. After that, we generalize the results
to the graph with a single loop and arbitrary tree structures.
Moreover, when the graph has arbitrary structures (i.e., the
graph has multiloops), we derive the expansions of inverse
variances of approximate marginal densities at small covari-
ances.

This paper is organized as follows. In section 2, we review
the scheme of belief propagation. In section 3, we show the
main results of this paper. In section 4, we give the brief
proofs (due to limitations of space). In section 5, conclusion

and future works follow.

2. Belief Propagation

Here, we review the scheme of belief propagation. We re-
view the belief propagation for tree structures in section 3.1,
loopy belief propagation in section 3.2, and the LBP which

is applied to a Gaussian distribution in 3.3.

2.1 Belief Propagation for Tree Graphs
Let the target distribution to which we apply belief prop-

agation be the pairwise form as

po) =5 T Wisteiay), (1)

{ij}eB

where Z is the normalization constant and B is the set which
shows the existence of correlation between x; and x;. For ex-
ample, when x = (x1,22,x3,24)7 and correlations exist in
pairs {z1,z2}, {z2,z3}, and {1, x4} respectively, the set B
is expressed as B = {{12},{23},{14}}. When the graph
corresponding to the set B is a tree graph, the marginal
distributions {pi(z:)}, {pi;(zi,z;)} are exactly calculated
as follows by using normalized messages {M;_.;}, {M;_.},
({ij} € B).

pi(zi) = Ziz H M—i(x:)

kEN;
1

pij(zi,x5) = Z( H Mkﬁz(:vz)>W(xz,xJ)
Y N\keN\ ()

x ( I M (am). (2)
kEN;\{i}
Here, both Z; and Z;; are the normalization constants and
N is the subset of random variables which directly correlate

with random variables ;.

2.2 Loopy Belief Propagation

Eqgs.(2) are exactly correct when the graph corresponding
to the set B is a tree graph. In loopy belief propagation,
we compose marginal distributions by egs.(2) even when the
graph has loops. This leap of logic yields the problem of
convergence of LBP or provides approximate marginal dis-
tributions if LBP converges. Since marginal distributions
{pi(z:)} and {ps:;j(xs;,x;)} should satisfy consistency con-
straints [ pi;(wi,z;)dz; = pi(z:), messages {M;_.;} satisfy

the following equations.

H Mi—i(xs)das,

keNi\{j}

H Mi—j(z;)dz;.

keN;\{i}

1 o0
Misj(z;) = = / Wij(zi, x5)
Zij J -0

1 oo
Mj—i(mi) = = / Wij(@s, ;)
Zji J—co

3)
Because eqgs.(3) are composed by 2|B| equations in total,

eqgs.(3) are the decision equations for 2| B| messages {M;_.; }.

2.3 Gaussian Belief Propagation
We assume that the target probability density in eq.(1) is a
multi-dimensional Gaussian probability density whose mean

vector is 0 and x € R%:

p(x) =4/ ?26;)5 exp{—%xTSx}. (4)

Here, S is an inverse covariance matrix and we denote
Then,

the components of the matrix S by (S)i; = si,;.
Wij(z;, ;) in eq.(1) can be expressed as

Sii

s

1 2 843 2
§(|M|x1 +Si,jxixj+ V</'j|x])}7

Wij (i, ;) = eXp{*
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where |N;| is the number of elements of subset A;. We set

the condition |N;| > 0 for Y3 € {1,---,d}. For clarity of

. S; 4 -~
notation, we put —+ = §; ;.
[N ’

We assume that the probability densities of messages

{M;_;} are Gaussian densities as follows.

Aissj

Aij 2}
5 exp{ 5 %5 (- (6)

Then, by substituting egs.(6) into egs.(3), we reduce egs.(3)

Mi—j(z;) =

to the decision equations for the parameters of inverse vari-
ances {Ai—;} as follows.

X 5t (7)
iy = — = .
Sii + Zke/\/,;\{j} Alo—si

Here, we put {\;i_;} as A\i; = X\i_j — 3,,;. After obtaining
the values of {\;_;} which satisfy eqs.(7), we compose mes-
sages {M;_;} by eqgs.(6).
marginal densities {p;(z;)} and {pi;(xi, z;)} by substituting

Next, we compose approximate

egs.(6) into egs.(2). That is, we obtain marginal densities by
substituting {\;—;} which satisfy eqgs.(7) into

gl

- 5'-,- T
pij(ﬂ?uﬂ?j)dexp{—(wi,wj) ; (
€L
Sii + Z Ak—si Si,j

G, = KEN 7}
’ Si,j Sat Y, M
kEN;\{i}

ZkENi )\kﬂl 2}
;

i) ox exp{ - AN S

(8)

Throughout this paper, we put the inverse variances of ap-

proximate marginal densities as A;(= ZkeN- Ak—i)-

3. Main Results

Our aim is to derive messages, approximate marginal den-
sities, and the KL distances at fixed points of LBP. In section
3.1, we exactly calculate these quantities when the inverse
covariance matrix S corresponds to the graph with a single
loop. In section 3.2, we develop the results for a single loop
to the graph with a single loop and arbitrary tree structures.
In section 3.3, we give the expansions of inverse covariances
of approximate marginal densities when the covariances are

small. The proofs for each claim are written in section 4.

3.1 On the Graphs with a Single Loop

When the inverse covariance matrix S corresponds to the
graph which has only a single loop as illustrated in Fig.1,
without loss of generality, we can restrict the set B to
B = {{12},{23},---,{d — 1d},{d1}}. Then, for the mes-
sages {M,_,; } at fixed points of LBP, the following theorem
holds.

0 1 examples of single loops

O Theorem 10 When the inverse covariance matrix S cor-
responds to the graph given by B = {{12},{23},---,{d —
1d}, {d1}}, the inverse variances of messages {\;—;} at fixed

points are given by

S it10i41 — Sit1,i420041,i42 £ VD

A¢Hi+1 = I
2041541

Siic10i—1 — Si—1,i—20i—1,i—2 £ VD

Aii—1 = s
20i_1,i—1

D = (det 5)2 + (—1)d451,282,3 v+ 8d-1,a84,1 det S, (9)

where ¢ € {1,2,---,d} and periodic boundary conditions
hold (e.g., Sd,d+1 = Sa,1 and s1,0 = $1,4). Ay ; are the cofac-

tors of the matrix S.

Theorem 1 gives immediately the following corollary for

approximate marginal densities at a fixed point of LBP.

O Corollary 10 When the inverse covariance matrix S cor-
responds to the graph given by B = {{12},{23},---,{d —
1d}, {d1}}, the inverse variances {A;} and the inverse covari-

ance matrices {S; ;+1} of approximate marginal densities are

given by
A, dets (1 N (—1)%4s12 - ..Sd’l)%j
A det S
E;it+1
~ A~ Sii+1
Siit1 = Bisi B , (10)
AL
where
det S+ vD
Eiit1 = % — Si,it10i i1 (11)

From corollary 1, we know that, if s; ;41 — 0, {A;} and

S¢7¢'+1 hold
det S
N

Ai A'L,i ) (RS {17"'7d}7
det S 0
3 D
IR (12)
Ajt1it1

respectively by using Ej;;+1 — detS. These results are
equivalent to the true inverse variances and covariances of
marginal densities respectively. Since s;;+1 — 0 means that
a single loop (e.g., Fig.1) turns to a tree graph and LBP
changes to BP algorithm for tree structures, eq.(12) agrees

with and explains the well-known fact that BP provides true



marginal densities but LBP provides approximate marginal
densities.

In order to know the difference between true and approxi-
mate marginal densities obtained by LBP, if we calculate the
Kullback-Leibler (KL) and symmetrized KL (SKL) distances
between both marginal densities, the following theorem is
obtained. Here, KL and SKL distances are defined as

KL(g()|[p(x)) = / 4(0) log f%dx, (13)

SKL(q(x),p(x)) = KL(q(x)||p(x)) + KL(p(x)|lg(x))-
(14)
0 Theorem 20 The KL and SKL distances between true

marginal densities p;(z;) and approximate marginal densi-

ties p;(x;) are given by

- 1 1 1 1
KL(pi||pi) = -5+ 5(1 +e)? — 1 log(l + e),
- 1 1 1 1
SKL(pi,pi) = ~1+ (140 24 21498 (19)
where € is defined as
—1)%
(= (—1)%4s12 - 54,1 16)

det S
Similarly, the KL and SKL distances between p;;(zi,x;)
and p;;(zi,x;) are given by

- 1
KL(pi,it1]|Piyiv1) = =1 — 3 log(1 — Ay i41)

1 lo (1 + \/m)Q B $7 i1 DNig1,it1
2 % 2 (det 5)2
L+ VIte | siir1livii
N 2 detS (17)
5 1 1++1
SKL(ps,it1, Piyit+1) = —2 —I—{H— - {( Vite
1— Ayt 2
 Siit18i41 . $3it1DiiDNiy1it1 }’1} 1++v1+e
det S (det 5)2 B )
A7 (18)

1,141

where we put A; iy1 = bl

From theorem 2, we can know that, if ¢ — 0, both KL, and
SKL go to 0. Hence, KL and SKL distances are decided by
the parameter €. In other words, the parameter € determines
the accuracy of LBP when the inverse covariance matrix S

forms the graph with only a single loop.

3.2 A Single Loop and Tree Structures

The results for a single loop in section 3.2 immediately tell
us the case that the graph has a single loop and arbitrary tree
structures. In practice, we show the inverse variances {A;}
at a fixed point of LBP through an example. We calculate
{A;} when the graph is expressed as Fig.(3). The undirected
graph in Fig.(3) can be equivalent to the directed graph in

Fig.(4) after replacing inverse variances {s;;} as

2
’ _ S4.1

S1,1 — S1.1 | = S1,1 — )
54,4

0 2 loop + tree structures

0 4 the same grpah as Fig.3

2 2
/ _ 55,2 56,2
§22 = Spa | =S22— — — — |,

S5.5 56,6
2
s
/ _ 7,3
833 — S33 | =833 — ———5— (19)
_ %87
S7.7 8.8

(These replacements are understandable by solving eqs.(7)
directly). In Fig.(4), the direct edges indicate that there ex-
ist messages in those directions but not in reverse direction
(e.g., message Mi_.4(z4) exists but message My_1(z1) does
not between nodes 1 and x4). Then, since the nodes z1, x2,
and x3 form a closed single loop, referring to the results of
corollary 1, we obtain inverse variances {A}}, i € {1,2,3} as

!
A= det S (1+

(—1)%s1,952,3831 ) 3

det S’ '
Here, S" and A;, are the inverse covariance matrix and the
cofactor respectively composed by {s;;} instead of {s}.
The others {A;}, i € {4,---,8} are calculated as follows by

using the notation of continued fractions.

2 2 2 2
A = 51,4 S4,1 L $25 55,2
4= 844 — 57 ) 5= 855" 55
AN+ s4.4 Ab+ 855
2 2 2 2
AL = 52,6 56,2 AL = 57,8 58,7
675676_A,+5 ; 8788’8_A,+S )
2 6,6 7 8,8
2 2 2 2
’ 58,7 S37 S73 S87
Ny = spp — 220 _ 237 773 787 (21)

(These equations are also understandable by solving egs.(7)).
In a similar way, we can obtain {M,_;}, {pi(z:)},
{pij(zi,z;)}, and KL distances in various connected graphs

which have at most a single loop.

3.3 Expansions of {A;} at Small Covariances

In this section, we aim at obtaining the expansions of {A;}



when the graph has arbitrary structures but covariances are
small. To achieve that, we introduce a new parameter s
and change the off-diagonal components of the matrix S to
(S)i; = ssi,5, where s satisfies 0 < s < 1. If s = 0, the
matrix S turns to a diagonal matrix and if s = 1, the matrix
S turns to the original matrix S in eq.(4). Then, we clarify
the expansions of {A;(s)} with respect to s. In this paper we
derive the terms up to third-order. Before that, we prepare

the following theorem for inverse variances {A;}.

O Theorem 30 The approximate inverse variances {A;} at
fixed points of LBP satisfy either of Zj=1 2Wil simultaneous
equations

2850
A;

IV —2+ e {1, -, d),(22)

where + indicates either of positive or negative for each term

in the summation.

Since + assigns either of positive or negative for each term,
there exist Z?:l 2Vil simultaneous equations in eqs.(22) in
total. We note that there exist extra simultaneous equations
which has no solution {A;}. For example, if |N;| = 2 for 3
and all the signs are negative, there is no solution.

At s = 0, the approximate inverse variances should be
equal to true inverse variances (i.e.,A;(0) = s;; for i €
{1,---,d}) since the matrix S corresponds to a tree graph.
After imposing these conditions, we obtain the following the-

orem.

0 Theorem 40 For Zj:l 2Wil gimultaneous equations in
Theorem 3, conditions A;(0) = s;4, ¢ € {1,---,d} holds if
and only if all the signs in the summation are positive. That

is, the simultaneous equations are given by

Wil =2+ 550 = g [ e {1, d).(23)
! JEN; '

25 45252
A
Then, the solutions of the inverse variances {A;} which sat-
isfy eqs.(23) have the expansions as

d 2

$2.
Ai(s) = sii — L2 O(sh).
PR

(24)

Compared with the result of theorem 4, the true inverse

variances are expanded as follows.

d 2
detS Z Sii 2, Siyi —1g\3
A,L-,L- = Si,i — as + 3 [tr(Sd So)
J=1(F1)

—tr{(Sa)i; (So)i.i}"]s” + O(s"). (25)

Here, matrices Sq and S, are the diagonal and off-diagonal
matrices which satisfy S = Sgq + sS, respectively. Matrices

(S4)i,s and (So):,; are the minor matrices of Sq and S, with

the i-th row and column omitted. From the egs.(24)(25),
we can know that the approximate inverse variances {A;}
give exact coefficients up to second-order term but differ
from third-order term. Then, the KL distances between both

marginal densities have the expansions as follows.

O Theorem 50 KL distances between true marginal densi-
ties pi(z;) and approximate marginal densities p;(z;) have
no term up to third-order with respect to s. That is,

KL(pi||p:) = O(s*) for i € {1,---,d} hold.

Theorem 5 tells us that approximate marginal densities
calculated by LBP are so close to the true marginal densities

when covariances in S are small (i.e., s < 1).
4. Proofs

We give the brief proof for each claim.

Proof of Theorem 1
When B = {{12},{23},---,{d — 1d}, {d1}}, from decision
equations (7), Ad_1 satisfies the following equation by using

the notation of continued fractions.

:\d_d _ 33,1 S?lfl,d 5%,3 5%% (26)
Sd,d — Sd—1,d—1 — 82,2 = S1,1 + Ad—1
For the right-hand side of eq.(26),
1 Sh_1,k o 512
Sk = Sk—1h—1— 811+ Ado1
_ Agim’k_l)j\dﬂl + Ak ok (27)
Al,lxdﬂl + det S — 28k,1Ak71 — SiylASim’k_l)
holds when k € {2,---,d} by using induction. Here,
Aﬁ""”“‘” is the cofactor which variables x1,--,2x_1 cre-

ate. From eq.(27), eq.(26) can be rewritten as a quadratic

equation
Ar1AG 1 + (det S — 254,180,1)Ad—1 + 55104, = 0(28)

Then, the solution Ag_1 is given by

5 —det S+ 2541041 £VD
d—1 — 3

2A1’1
D = (det S)? — 4541 (Ag1 det S — sa1 A% + sq1AgaA11)
= (det 5)2 + (—1)(1451,28273 -+ 8d—1,dSq,1 det S. (29)

For the second equal sign in D, we use the equation

Agaldiy — A5y = A det S. (30)

Eq.(30) is proved by induction using tridiagonal matrices.
After substituting eq.(29) into Ag—1 = Xdo1 + $1,1 , we ob-
tain A¢q—1. We obtain the other values {\;—1_.;} by applying
cyclic permutations (1, - - -, d) to Ag—1, the value A\1_.4 by ap-

1’2"“’d1) to Ag—1, and the other

plying the permutation (d o

values {A\;—i—1} by applying cyclic permutations (1,---,d)



to A1-q. (QED)

Proof of Corollary 1
By substituting eqgs.(9) into egs.(8) and imposing A; > 0,
we obtain egs.(10). (Q.E.D.)

Proof of Theorem 2
After substituting egs.(10) into egs.(8), we calculate KL
and SKL distances (14). (Q.E.D.)

Proof of Theorem 3
The simultaneous equations (7) are rewritten as the 2|B|

simultaneous equations
Aisj = S A (31)

by using the variable transformation of A; = ZkeNk Ae—si.

Then, the variable 5\1-_4 satisfies

(32)

Since \;—.; satisfies A; = ZkeNv Me—j + 55, and we substi-
J
tute eq.(33) into this equation, we obtain the decision equa-

tions for {A;} as follows.

A; Ay
Ajzsj,j+z -+

5 5 (34)
kENj

(Q.E.D.)

Proof of theorem 4

By substituting s = 00 A; = s;,; into egs.(22), we know
that all the signs have to be positive. When we substitute
the expansions

Ai = 8i5 — @i1s — @ins” — aizs® + - - - (35)
into egs.(23) and compare the coefficients up to third-order

term, we obtain
S

2
ail a;2 a1 _
=0, —+—= E Skyis

Sii Sii Sy
k=1(1)
d
aiz  2aiai a3 _ a1 a1
+——+ 5 = E Sk | — {(36)
Siyi Sivi Sivi Sk,k Siyi
’ ’ k=1(+1)
S.2 .
where we put —— = 5, ;. By solving these equations, we
1,1°7,7
obtain
d 2
Sk,i
a;1 = ;3 = O, a;2 = . (37)
 Sk,k
k=1(%1)
(Q.E.D.)

Proof of Theorem 5
By substituting eqs.(24)(25) into KL distance

- 1 1 Ai 1 det S A”
KL@illp) = 5 + log 245/ B

we expand KL(p;||p;) up to third-order. Then, the second
and third terms of eq.(38) are expanded as

1AL L A A

S TrsAs — 5~ gl — (A7 (B )s
+0(s"),

1 det S/A; 1 _ _ . -

Liog CUBB _ Lini(5705,)° — {87 (Aol

+0(s") (39)
respectively and KL(p;||p;) = O(s*) are obtained. (Q.E.D.)

5. Conclusion and Future Works

In this paper, we focus on applying LBP to a multi-
dimensional Gaussian distribution and analytically clarify
the messages, approximate marginal densities and KL dis-
tances at fixed points of LBP under some conditions. We
know that the accuracy of LBP are decided by a simple pa-
rameter € when the inverse covariance matrix is described as
a graph with a single loop. For the arbitrary graph, we derive
the expansions of inverse variances of approximate marginal
densities at small covariances. We have several future works,
some of which are to derive convergence rate to fixed points
of LBP, to compare with numerical experiments, and to pro-

pose a correction algorithm for LBP.
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