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Abstract

Belief propagation (BP) is an effective algorithm for computing marginals of high-dimensional
distributions. Loopy belief propagation (LBP), which is applied to graphical models with cycles,
is known not to be guaranteed to converge and, if it does, it computes approximate marginals.
Fixed-points of LBP are known to accord with extrema of Bethe free energy.

We focus on the Bethe free energy applied to Gaussian graphical models (GGM) and
analytically clarify the accuracy of LBP. For a single cycle, we derive the minimum of the
Bethe free energy and show the quantity that determines accuracy of LBP. For arbitrary
topological graph, we also show the principal quantity that decides accuracy of LBP.
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Probabilistic inference
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Focusing probabilistic inference problem is to compute posterior mean Hyy
and variance Zx_ly of a single hidden node i , given data Y =Y, - Y4 }.
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BP algorithm
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Gaussian BP algorithm

We set messages and beliefs as Gaussians
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Single cycle

Theorem 1 (messages on a single cycle)

When graph G is a single cycle, the fixed-points of messages are given by
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where A, is the (i, j)th cofactor of a matrix S =V,

True inverse variances
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eV Theorem 2 (beliefs on a single cycle)

When graph G is a single cycle, the minimum of Bethe free energy is given by
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Accuracy of LBP is decided by the quantity &, which is explicitly calculated by matrix S=V,,



Condition 1 (LBP convergence)
For example, when positive definite matrix is

When graph G is a single cycle, the condition
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£ is calculated as € =-9.

Numerical experiments Behavior of the quantity &
4.5 . . . . . . e I s Ty A ) U B 2 O Ry e Sl Ay NI o E S Fr ey 6 e
af it 4l 17530443 o LRI RSl E epsiton -
0.190955 —— ; 0.353667 —— 10 | gl
35 | y 35 | =,
3 e 3 b 3t . i 8 L 4
% 2s) - LBP(Numerical)s .| °  LBP( Numerical) 5 Sat
% gL bR O G ) 5 i 2 5l
i e s — 4k :
o Attasea T k7 2 ) 1 b i i
0.5t _ ! i Y 0t . R T PP PP P TP PTS.
0 L L L L , : , , ; | : 0 ! u..°°‘9oo---.-==:,.“__5__"5_",5,_"5_"_ -1 i AN / ! ! | | ! !
0 10 20 30 40 %o o\ 10 20 30 40 50 60 70 80 0O 5 10 15 20 25 30 3 45 50 0 5 15 20 25 30 35 40 45 50
iteration[counts] iteration[counts] dimension Ed\ dimension d
LBP (Analytical) ~ Trye values THENaES
10 -99 1 R ot sy T At o
9 10 4 0 -49 10 -49 49 10 4.9
Slz —99 10 04 82: 0 4 10 1.9 53(d)= 49 10 84(d)= 49 10 :
T s BN 4.9 49 10

Arbitrary topological graph

1Yt Theorem 3 (a LBP fixed-point )

When graph (G is an arbitrary topological graph, a LBP fixed-point is expanded
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When correlations between variable nodes are small (S <<1), O. mainly decides accuracy
of LBP.

Summary

For loopy belief propagation applied to Gaussian graphical models, we derived estimated
posterior variances and analytically clarified accuracy of LBP. For graphs of a single cycle,

the quantity & determines accuracy of LBP and yields a necessary condition for LBP convergence.
For arbitrary topological graphs having small correlations, 6. decides accuracy of LBP. Using &,
a straightforward correction of LBP algorithm can be constructed.



