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Abstract— A learning machine is called singular if its Fisher
information matrix is singular.

Almost all learning machinesused in information processing
are singular, for example, layered neural networks, normal
mixtur es, binomial mixtur es, Bayes networks, hidden Mark ov
models,Boltzmann machines,stochasticcontext-free grammars,
and reducedrank regressionsare singular.

In singular learning machines, the likelihood function can
not be approximated by any quadratic form of the parameter.
Mor eover, neither the distrib ution of the maximum likelihood
estimator nor the Bayes a posteriori distrib ution converges to
the normal distrib ution, even if the number of training samples
tends to infinity . Therefore, the conventional statistical learning
theory doesnot hold in singular learning machines.

This paper establishesthe new mathematical foundation for
singular learning machines.We proposethat, by using resolution
of singularities, the likelihood function can be representedas the
standard form, by which we can prove the asymptotic behavior
of the generalization errors of the maximum likelihood method
and the Bayes estimation. The result will be a base on which
training algorithms of singular learning machines are devised
and optimized.

I . INTRODUCTION

A learningmachineis calledregularif its Fisherinformation
matrix is well-definedandpositive definite.It is calledsingular
if its Fisherinformationmatrix is singular, in otherwords, it
haszeroeigenvalues.

A lot of learning machinesused in practical applications
are singular. For example, layered neural networks, nor-
mal mixtures, mixture of binomial distributions, Bayesnet-
works, hiddenMarkov models,stochasticcontext-free gram-
mars,Boltzmannmachines,and reducedrank regressionsare
singularlearningmachines.In singularlearningmachines,the
conventional statistical learning theory does not hold. The
likelihood function cannot be approximatedby any quadratic
form, resulting that neither the distribution of the maximum
likelihood estimatornor the Bayes a posteriori distribution
convergesto a normaldistribution [6] [5] [17]. Consequently,
AIC, BIC, or MDL, respectively doesnot correspondto the
averagepredictionerror, theBayesmarginal likelihood, or the
minimumdescriptionlength.Sincesingularlearningmachines
play a central role in information processingsystems,it is
important to constructthe new mathematicalfoundation,on
which statisticallearningtheoryof themcanbe built.

Let ������� ���
	�� representa learningmachinewhich infers a
probabilisticoutput � from an input � using a parameter	 .

Then 
 ������� ���
	����
	������
is the set of all conditional probabilities, where � is the
set of parameters.We can introducea geometryon this set
by usingKullback-Leiblerdistance,whosemetric is given by
the Fisher information matrix. In a regular statisticalmodel,� can be understoodas a smooth differential manifold,
whereas,in a singular learning machine,it is an algebraic
varietyor ananalyticsetwith singularities.Therefore,in order
to construct statistical learning theory of singular models,
we need a new mathematicalfoundation such as algebraic
geometryand algebraicanalysis.In this paper, we show that
resolution of singularities gives the standardform of the
likelihood function of a singularlearningmachine,by which
the generalizationerrorsof the maximumlikelihood method
andBayesestimationareclarified.

I I . FRAMEWORK OF STATISTICAL LEARNING

A. Learning Machine and Training Data

Let ������� ���
	�� bea conditionalprobability distribution of an
output � for a giveninput � anda parameter	 . Here������� ���
	��
is referredto asa learningmachine.We assumethat thesetof
all parameters� is a subsetof the � dimensionalEuclidean
space.Let ����� 
 ��� �!�"�#�$���
% �'& �"()�+*,*,*,�"-��
be a set of training sampleswhich are independentlytaken
from the true andunknown distribution./�����"�0� � ./�����1./����� ����*
By using the sample data set

� �
, the learning machine

estimatesthe true conditionalprobability ./����� ��� and obtains
an trained inference��23����� ��� . For example, in the maximum
likelihood learning,the trainedinferenceis given by� 2 ����� ��� � ������� ���54	6�7�
where 4	 is the maximumlikelihood estimator(MLE). In the
Bayeslearning,the trainedinferenceis given by� 2 ����� ��� �98 ������� ���"	:������	;� � � � � 	<�
where����	=� �<� � is theBayesa posterioridistribution.Thegen-
eralizationerrorof the trainedinference��20����� ��� is definedby



theKullback informationfrom the trueconditionalprobability
to the estimatedconditionalprobability,> �?8@8 ./����� ���!./�����/A,B3C ./����� ���� 2 ����� ��� � � � �)*
Note that

>�D?E
is a randomvariablebecauseit is a function

of thesampleset
� �

. Its expectationvalue FHG >:I is calledthe
averagegeneralizationerror. The smallergeneralizationerror
meansthat the learningis moreappropriate.

B. Regular and Singular Learning Machines

The Fisherinformationmatrix J ��	�� � 
 J �LK ��	:�
� is defined
byJ �LK ��	�� � 8M8ON � ��	<�
���
�3� N K ��	<�
���"�0�P������� ���"	:�1./����� � � � � �
where N � ��	<�
���"�0� � QQ 	R� A,B3C�������� ���
	���*
Note that Fisher information matrix is positive semi-definite
in both regular andsingularmodels,in otherwords,its eigen
valuesareall nonnegative.

Example. If a learningmachineis a regressionmodel using
a parametricfunction S �����
	��������� ���
	��UTWV�X/Y6Z\[ &( ���][ S �����
	��!�1^7_`�
then the Fisherinformationmatrix is equaltoJ � K ��	�� � 8 Q � S �����
	�� Q K S �����
	��P������� ���
	��1./����� � ���
where

Q � � � Q�a0Q 	R�$� . TheFisherinformationmatrix is positive
definite if andonly if


 Q � S �����
	��b� is linearly independent.

A learning machineis called regular if J ��	:� is positive
definite for an arbitrary 	 . If otherwise,then the learning
machineis called singular. In a singular learning machine,
there exists a parameter	 such that c V�d J ��	:� � E

. Such
a parameteris called a singularity of the Fisher information
matrix. At a singularityof the Fisherinformationmatrix, the
likelihood function cannot be approximatedby any quadratic
form of the parameter.

Remark. If a learningmachinehasa singularityof theFisher
informationmatrix, the setof suchpointse � 
 	?���'� c V�d J ��	�� � E �
is not theemptyset.In general,theset

e
is not onepoint,and

it containssingularitiesin itself (singularitiesof the analytic
set

e
).

Example. Let us study a function with a parameter	 �
gf0h �"i h � ,
S �����"	:� �kjlh\m�nbo f0h`p!qsr �����utvi hUw B p �����7xy� E;z � z (0{u���

then Fisher information matrix is always positive definite.
Hencethe regressionmodel which employsFourier seriesis
regular. However, if a functionwith a parameter	 � 
gf0h �
i h � ,

S �����
	�� � jlhgm�n f0h d"| r)} ��i h ���~� E�z � z & � (1)

is usedin a regressionmodel, then the set
 QQ f h S �����
	���� QQ i h S �����
	��b�
is not linearly independentif at leastoneof

f3h
or i h is equal

to zero.Hencethe regressionmodel is singular. It wasshown
[22] that the set of all singularitiesof the Fisherinformation
matrix of this machinee � 
 	<� c V�d J ��	:� � E �
is an algebraic variety which is determinedby the ideal
generatedby jlh\m�n f h i�^
��� nh � E ��� ��& �
( �#*,*s�
���7*
This algebraicvariety

e
containssingularities.

Remark. In singular learning machines,a parameterwhich
correspondsto a smallermodel is a singularity of the Fisher
information matrix in the larger model, whereas,in regular
statisticalmodels,it is not.

Example. The normaldistribution�����U� f �UTWV�X/Y��$[�� ��[ f � ^( �
is regular, whereasits mixture������� f �
i\�"�7�uT f V�X/Y��$[�� ��[�i � ^( � t�� & [ f ��V�X/YU�$[�� �;[�� � ^( �
is singular. In general,if a learning machinehas a layered
structureor a hiddenvariable,then it is singular, in general.
Hence almost all learning machinesin neural information
processingis singular.

Remark. Someresearchersclaim that the conventional sta-
tistical learning theory even holds in a singular learning
machinein the casewhen the optimal parameterfor function
approximationis uniquely determined.It is not true. Even if
the optimal parameterin function approximationis unique,
singularitiesaffects the learningprocessby the bias-variance
problem. It should be emphasizedthat singularities of the
Fisher information matrix hasthe larger bias but the smaller
variancethan the ordinary points. In statistical engineering
processsuch as model selectionand hypothesistesting, we
have to study the balanceof the bias and the varianceof
theparameter. It dependson the true distribution, the learning
machine,and the numberof training samples[21][23] [13].



I I I . MATHEMATICAL FOUNDATION

A. Standard Form of Singular Likelihood

In singular learning machines,the conventional statisti-
cal learning theory does not hold, hence we need a new
mathematicalfoundationon which the likelihood function is
appropriatelytreated.We proposethe following theoremis
the basicone for singularlearningmachines,which is called
resolution of singularities, or resolution theorem in algebraic
geometry.

Resolution Theorem. (Hironaka,1964).Let � ��	�� be an an-
alytic function on an open set � in ��� , which satisfies� ��	:� D�E

( 	���� ) and � ��	6�#� � E
for some	6�:��� . Then

thereexist both a � dimensionalmanifold � and an analytic
function ���/��� � , suchthat, for an arbitrarycoordinatein��� � , � � � �����1� � � ^ h\�n��#�#� � ^ h+�� �� ��� �����+� � i\�����!� � �n �#�+� � � �� �
where � n �#*s*,*,� � � �"� n �#*,*s*,�
� � arenonnegative integers, � � � �����#� is
theJacobianof themap 	 � � ����� , and i\�����¡  E

is ananalytic
function.

Remark. This theoremis the well-known basic theoremin
algebraicgeometryproved by Hironaka[8], on which Atiyah
and Kashiwara respectively made the foundation of distri-
bution theory [4] and algebraicanalysis[11]. It was firstly
proposedin [18][20] that this theoremis essentialto statistical
learningtheory. This theoremclaimsthatthefunction � � � �����!�
can be madeas the direct productof � n �
� ^ �+*,*,*,�"� � , which is
saidto benormal crossing. Themanifold � is not orientablein
general.Theanalyticfunction 	 � � ����� maynot be invertible
at � suchthat � � � �����1� � E

, however, invertible at � suchthat� � � �����1��¢� E
. For a given function � ��	:� , both the manifold� and analytic map 	 � � ����� can be algorithmically found

by using recursive blowing-upsor toric modification.

Let us definethe empirical andaverageKullback informa-
tions respectively by� � ��	:� � &-

�l � m�n AsB0C ./��� � � � � ������#�b� �)�1�
	�� �����	:� � 8@8 ./�����1./����� ���£AsB0C ./����� ���������� ���"	:� � � � �)*
For simplicity, we assumein this paper that there exists a
parameter	6� suchthat ./����� ��� � ������� ���
	6��� , in other words,
thetruedistribution is containedin thelearningmachine.Even
if the trueis not containedin a learningmachine,singularities
strongly affect learning process[22][23]. If there exists a
parameter	6� suchthat ����	6��� � E

, then ����	�� satisfiesthe
assumptionsof resolutiontheorem,hencewe can apply the
resolutiontheoremto ����	:� . It is immediatelyshown thatthere
exist both a manifold � andan analytic function �¤�/�?� �

suchthat ��� � �����1� � ¥ ����� ^¥ ����� � � h �n9�+�#� � h �� *
By usingthis fact, the empiricalKullback informationcanbe
written as � � � � �����!� � - ¥ ����� ^ t�¦ - ¥ �����¨§ � ������� (2)

where § � ����� � &¦ -
�l � m�n�© ��� � �
� � �
���7*

Here the function © �����
� �
��� is definedby© �����
� �
��� � &¥ ����� Z ��� � �����1�U[�A,B3C ./����� ���������� ��� � �����1� _ *
Weproposethat theequation(2) is thestandardrepresentation
of the likelihood function of a singularlearningmachine.

Remark. The function © �����
� �
��� can be written as© �����
� � � � n ��	��1� if ����	���¢� E
. However, it is ill-defined as

the function of 	 at ����	:� � E
in general.On the otherhand,

we canprove © �����"�)�"��� is ananalyticfunctionof � evenwhen��� � �����1� � E
. Thefact that © �����
� �
��� is well-definedfunction

of � canbe proved by the normalcrossingpropertyof
¥ ����� .

The randomprocess§ � ����� is an empirical process, which
satisfies FªG � § � �����#� ^ I � (k� if ��� � �����!� � E ��*
Moreover, § � ����� weakly converges to the tight gaussianpro-
cess§������ when - tendsto infinity. Here the gaussianprocess§������ is uniquely identifiedby its averageandcovarianceFHG §������ I � E �¬«­�����FHG §���� n �¨§���� ^ � I � FªG © �P®��!¯°�
� n � © �P®��!¯°�
� ^ � I �¬«­� n �"� ^ �7*
ThentheempiricalKullbackinformationcanbewrittenas[24],� � � � �����!� � Z ¦ - ¥ ������t §������( _ ^ [ &± � §������+� ^ (3)

on the manifold � .

B. Example

Let us studya learningmachine������� ���"	:� � &¦ (3{ V�X/Y Z [ &( ���²[ f/³ ��i�����[v����� ^ _ �
where

³ ����� � �<tv� ^ and 	 � � f �
i\�
��� . We definethe setof
parametersby� � 
 	<�\� f � z & �g� i3� z & �\� �3� z & �/*
Assumethat the true distribution is./����� ���1./����� � ������� ��� E � E � E �u./�������
where ./����� is the standardnormal distribution (average 0,
variance1). Then the Kullback information is����	�� � &( Z � f iUt���� ^ tµ´ f ^ i
¶ _ *



Note that ����	�� � E
definesan algebraicvariety,f i � � � E *

The function ����	�� is not normal crossing,however, we can
makeit normalcrossingby the recursive blowing-ups.Let us
introducefour sets� n � 
 	<�\� f � z � �3�·���� ^ � 
 	<�\� f � D � �3�¸�g� f i3� z � f iUtµ�3�·�����¹ � 
 	<�\� f � D � �3�¸�g� f iutv�0� z � f i ^ �·�/�� ¶ � 
 	<�\� f � D � �3�¸�g� f i ^ � z � f i�t��3� z � f i3�·��*
It follows that � �~º � � � . Let � � ( % �»& �
( �
´ � ± ) be sets
containedin � ¹

, � � � 
 � f �"�
i
�1�
�
���b��*
A function � � � � � � ����% ��& �"()�"´)� ± � is definedon each � �
suchthatf � f)n � n � i � i n � � � � n �f � f ^ �¼i � i ^ � ^ �¼� � f ^ � & [�i ^ �!� ^ �f � f ¹ � i � i ¹ � � � f ¹ i ¹ ��i ¹ � ¹ [ & ���f � f ¶ �¼i � i ¶ � ¶ �¼� � f ¶ i ¶ � ¶ ��� ¶ [ & ��*
Then � � canbe understoodasa local coordinatewhoseunion
definesa manifold � �½º � � � , where two points � � � � �
and � K � � K are identifiedas a onepoint in � if andonly if� � ��� � � � � K ��� K � . In eachcoordinate,theKullback information
is given by(0��� � �����1� � � ^ n 
 � f)n i n t & � ^ tµ´ f ^ n ib¶ n ���� f ^^ � ^^ � & t�´3i
¶^ � ^^ ���� f ^¹ i
¶¹ ��� ^¹ tµ´3�7�� f ^¶ i ^¶ �
¶¶ � & t�´0i ^¶ ��*
It is easyto seethattheempiricalprocess§ � ����� is well-defined
in eachcoordinate.

IV. MAXIMUM L IKELIHOOD AND MAXIMUM A
POSTERIORI

In the maximum likelihood methodand the maximum a
posteriorimethod,the loss functionN ��	�� � [ �l � m�n AsB0Cu�����#�+� �)�1�
	��¾[ f � A,B3C°¿R��	:�
is minimized,where ¿°��	�� is somea priori probabilty distri-
bution on � and


gf � D?E � is a realsequence.Theparameters
that minimize

N ��	�� with
f �H� E

and
f ����&

arerespectively
calledthe maximumlikelihood estimatorandthe maximuma
posterioriestimator. Sometimesthe otherestimatorsare used
with the otherconditionson

f �
. Let 4	 be the parameterthat

minimizes
N ��	:� . Then the averagetraining error FÁÀ ��-u� and

theaveragegeneralizationerror F6Â ��-u� arerespectively defined
by FÁÀ ��-u� � FªG � � ��4	�� I �F Â ��-u� � FªG ���­4	6� I �

where FHG I
shows the expectation value over all sets of

training samples.Even in singular learningmachines,it was
proven in [24] that, if � is containedin a compactset, the
symmetryof two errorshold,F À ��-u� � [HÃ- tvÄ/� &- �7�F Â ��-u� � Ã - t�Ä/� &- ���
where Ã is a constant.In regular statisticalmodels,it is well
known that Ã � � a ( . However, in singularlearningmachines,Ã is not equalto � a ( . In general,Ã   � a ( .

Let us assumethat, in eachlocal coordinate,at leastoneof� n �#*s*,*,� � � is an odd number. When

lim
��Å<Æ f � ��Ç �

then Ã � &± FHG © �\4��� ^ I *
The estimator 4� is definedby4� �

arg
qsr£ÈÉ/Ê3Ë Ì�Í [ §������ ^± t Ç ¿R� � �����1� _ �

where � � is the setof parameterswhich satisfy ��� � �����1� � E
.

Therefore,if
f �H� E

, thenÃ � &± FHG p1Î YÉ/Ê3Ë Ì §������ ^ I *
If lim

� f ���9Ï
and A q,Ð � f � a ¦ - � E

, thenÃ � &± FªG p1Î YÉ/Ê3Ë Ì�Ì §������ ^ I �
where � �
� is the setof parameterswhich maximize ¿°� � �����!�
in � � .
Remark. If � is not a compactset, MLE often does not
exist. Even if MLE exists, the generalizationerror becomes
larger than Ã a - . The MLE in singular a singular learning
machinehasaquitestrongerover-fitting propertythanthatof a
regular statisticalmodels.Themaximumlikelihood methodis
moreinappropriatefor singularlearningmachinesthanregular
statistical models. On the other hand, as we show in the
following section,the averagegeneralizationerror of Bayes
estimationis far smallerthanthat of the maximumlikelihood
methodin singularlearningmachines.

V. BAYES ESTIMATION

A. Theoretical Results

In Bayeslearning,thefreeenergy or themarginal likelihood
is given byÑ � �<� � � [�A,B3C 8 �Ò� m�n �����#�+� �)�1�
	��U¿R��	�� � 	<�
where ¿R��	:� is an a priori distribution on � . It is easy to
show the averagegeneralizationerror of Bayesis equalto the
increaseof the marginal likelihoodFHG >:I � FHG Ñ � ����Ó n � I [ FHG Ñ � �<� � I [v- e �



where
e

is the entropyof the true distribution,e � [ 8@8 ./�����1./����� ���/A,B3C°./����� ��� � � � � *
The zetafunction of a learningmachine[20] is important in
Bayestheory,Ô ��Õ3� � 8 ����	:�$Ö\¿°��	�� � 	�*���×²Ø3��Õ3�Á  E �7*
The function

Ô ��Õ0� , which is a holomorphic function in×ÙØ0��Õ0�R  E
, canbe analyticallycontinuedto the meromorphic

function on the entire complex plane. The analytic continu-
ation is ensuredby again the resolution theorem[4] or the
existenceof b-function [11]. It is also proved that the poles
of the zetafunction areall real andnegative integers,E  �[�Ú n  ?[�Ú ^  9[�Ú ¹   �+�#� *
Let Û n

be the order of the largestpole �$[�Ú n � . Then it was
proved that the free energy has the asymptotic expansion
[18][20]Ñ � ��� � � - e � t�Ú n A,B3C`-H[?� Û n [ & �£AsB0CUAsB0C°-;tv×;� ��� ���
where

e �
is the empiricalentropyof the true distributione ��� [ &-

�l � m�n A,B3C°./���#�b� �)�����
which doesnot dependon the learningmachine,and ×=� � � �
is a randomvariablewhich weakly converges to the random
variable representedby the randomprocess§������ . By using
this result, we obtain that, if the Bayesgeneralizationerror
hasasymptoticexpansion,then it isFHG >:I � Ú n- tvÄ/� &- �7*
If the learningmachineis regular, Ú n � � a ( and Û n �O&

. If
it is singularand ¿R��	:�6  E

at somesingularityof the Fisher
informationmatrix, then Ú n6Ü � a ( and Û n D &

. Note that the
Jeffreys’ prior definedby¿R��	:�`T�Ý c V�d J ��	��7�
is equal to zero at the singularity of the Fisher information
matrix. If theJeffreys’ prior is employed,then Ú n D � a ( [19].

By usingthe resolutiontheoremagain,the largestpole and
its ordercanbe exactly obtained.The largestpole �$[�Ú n � ofÔ ��Õ3� �98 ��� � �����!� Ö � ��� �����+� ¿R� � �����1� � �
is given by Ú n � Ð�q,rK �3K6t &( � K � (4)

andits order Û n
is equalto thenumberof Þ which attainsthe

minimum in equation(4).
Completeresolutionof singularitieswasgiven in a layered

neural network [2] and a reducedrank regression[3]. If a

learning machinegiven by equation(1) is trained so as to
learnthe true distribution

f)n � f ^ � �+�#� � E
, thenÚ n � G ¦ � I ^ t G ¦ � I t �± G ¦ � I tµ( �

where G ¦ � I
is the largestinteger that is not larger than ¦ � .

It is still an open problem to find the completeresolution
of somelearning machines.However, if a partial resolution
of singularities is found, then the upper bound of Ú n is
simultaneouslyobtained. Partial resolutionswere found in
generalthree-layerperceptrons[21], gaussianmixtures [25],
Boltzmannmachines[26],andhiddenMarkov models[27].

B. Variational Bayes

In the variational Bayes (VB) learning, the a posteriori
distribution ����	=� � � � is approximatedby the VB posterior
distribution ß ��	�� � ß n ��	 n � ß ^ ��	 ^ � �#�+� ß � ��	 � ��*
The probability distributions

ß n ��	 n ��� �#�+� � ß � ��	 � � are deter-
minedby minimizationof the Kullback information8 ß ��	��£AsB0C ß ��	������	;� � � � � 	<*
In singular learningmachines,the posteriordistribution does
not converge to any normal distribution, resulting that the
VB estimationis different from the true Bayesa posteriori
distribution even if the numberof training samplesgoesto
infinity. The VB free energy definedbyÑ�à�á � � � � � Ñ � � � ��t 8 ß ��	��/A,B3C ß ��	������	;� �<� � � 	
hasthedifferentasymptoticform thanthetrueBayesmarginal
likelihood. The asymptoticforms of the VB free energy were
clarified in normal mixtures [15], in generalmixtures mod-
els [16], hidden Markov models [9], stochasticcontext-free
grammars[10], andBoltzmannmachines[14]. Unfortunately,
in VB learning,theaveragegeneralizationerror is not equalto
the increaseof the free energy, hencethe generalizationerror
of VB learningis still an openproblem.It is shown that the
behavior of theVB generalizationerror is quitedifferentfrom
the VB free energy in reducedrank regression[13].

C. Markov Chain Monte Calro

In singular learning machines,the true Bayesa posteriori
distribution has a quite complex form in the neighborhood
of singularities. It is often difficult for both the Markov
chain Monte Carlo and VB to approximatesuch probability
distribution. Recently, it wasshown thatan improved method,
theexchangeMonteCarlo,is appropriatefor constructingthea
posterioridistribution in singularlearningmachines,resulting
in thesmallergeneralizationerrors[12]. Thetheoreticalvalues
of the freeenergy givesa goodindex which measuresprecise-
nessof the approximationof the a posterioridistributions.



VI. CONCLUSION

A lot of learningmachinesusedin practicalapplicationsare
singular, to which the conventionalstatisticallearningtheory
cannot be applied.

This paperintroducesthe standardform of the likelihood
function in singularlearningmachines,by which the asymp-
totic behaviors of the training and generalizationerrors are
clarified.

Nowadays,new training algorithmssuchas the Variational
Bayes and the exchange Monte Calro method are being
developed.Basedon thetheoreticalresultsof singularlearning
machines,we candevelop new informationtools which mea-
suresthe speedandprecisenessof new training algorithms.
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