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Abstract— A learning machine is called singular if its Fisher
information matrix is singular.

Almost all learning machinesused in information processing
are singular, for example, layered neural networks, normal
mixtur es, binomial mixtur es, Bayes networks, hidden Mark ov
models, Boltzmann machines, stochastic context-free grammars,
and reducedrank regressionsare singular.

In singular learning machines, the likelihood function can
not be approximated by any quadratic form of the parameter.
Mor eover, neither the distribution of the maximum likelihood
estimator nor the Bayes a posteriori distribution corverges to
the normal distrib ution, even if the number of training samples
tends to infinity. Therefore, the conventional statistical learning
theory doesnot hold in singular learning machines.

This paper establishesthe new mathematical foundation for
singular learning machines.We proposethat, by using resolution
of singularities, the likelihood function can be representedasthe
standard form, by which we can prove the asymptotic behavior
of the generalization errors of the maximum likelihood method
and the Bayes estimation. The result will be a base on which
training algorithms of singular learning machines are devised
and optimized.

I. INTRODUCTION

A learningmachines calledregularif its Fisherinformation
matrix is well-definedandpositive definite.lt is calledsingular
if its Fisherinformation matrix is singular in otherwords, it
haszeroeigervalues.

A lot of learning machinesusedin practical applications
are singular For example, layered neural networks, nor
mal mixtures, mixture of binomial distributions, Bayes net-
works, hiddenMarkov models,stochasticcontext-free gram-
mars, Boltzmannmachinesand reducedrank regressionsare
singularlearningmachinesin singularlearningmachinesthe
conventional statistical learning theory does not hold. The
likelihood function cannot be approximatedy ary quadratic
form, resulting that neitherthe distribution of the maximum
likelihood estimatornor the Bayes a posteriori distribution
convergesto a normaldistribution [6] [5] [17]. Consequently
AIC, BIC, or MDL, respectiely doesnot correspondo the
averagepredictionerror, the Bayesmaiginal likelihood, or the
minimum descriptionength. Sincesingularlearningmachines
play a centralrole in information processingsystemsi,it is
importantto constructthe nev mathematicafoundation, on
which statisticallearningtheory of them can be built.

Let p(y|z, w) representa learningmachinewhich infers a
probabilisticoutput y from an input z using a parametenw.

Then
{p(ylz, w);w e W}

is the set of all conditional probabilities, where W is the
set of parametersWe can introducea geometryon this set
by using Kullback-Leiblerdistance whosemetric is given by
the Fisherinformation matrix. In a regular statisticalmodel,
W can be understoodas a smooth differential manifold,
whereas,in a singular learning machine,it is an algebraic
variety or ananalyticsetwith singularitiesThereforejn order
to construct statistical learning theory of singular models,
we needa new mathematicalfoundation such as algebraic
geometryand algebraicanalysis.In this paper we shav that
resolution of singularities gives the standardform of the
likelihood function of a singularlearningmachine,by which
the generalizatiorerrors of the maximuma likelihood method
and Bayesestimationare clarified.

Il. FRAMEWORK OF STATISTICAL LEARNING
A. Learning Machine and Training Data

Let p(y|z, w) bea conditionalprobability distribution of an
outputy for agiveninput z anda parameteks. Herep(y|z, w)
is referredto asalearningmachine We assumehatthe setof
all parameters¥ is a subsetof the d dimensionalEuclidean
space.Let

Dy ={(zi,);i=1,2,...,n}

be a set of training sampleswhich are independentlytaken
from the true and unknavn distribution

q(z,y) = q(x)q(y|z).

By using the sample data set D,,, the learning machine
estimateshe true conditional probability ¢(y|z) and obtains
an trained inferencep* (y|z). For example,in the maximum
likelihood learning,the trainedinferenceis given by

P (ylz) = plylz, w),

wherew is the maximumlikelihood estimator(MLE). In the
Bayeslearning,the trainedinferenceis given by

P (yle) = / p(yle, w) p(w|Dy) duw,

wherep(w|D,,) is the Bayesa posterioridistribution. Thegen-
eralizationerror of the trainedinferencep* (y|z) is definedby



the Kullback informationfrom the true conditionalprobability
to the estimatedconditional probability,
a(ylz )d:cdy.

o= [ [ atlenteros SaT

Notethat G > 0 is a randomvariablebecauset is a function
of thesampleset D,,. Its expectationvalue E[G] is calledthe
averagegeneralizatiorerror. The smallergeneralizatiorerror
meansthat the learningis more appropriate.

z) log

B. Regular and Singular Learning Machines

The Fisherinformation matrix I (w) = {I;;(w)} is defined
by

w) ://Li(w,:E,y)Lj(w,:L‘,y)p(y|x,w)q(;b)dxdy,

where

Li(w,z,y) = (y|z, w).

0
Ow;
Note that Fisherinformation matrix is positve semi-definite

in both regular and singularmodels,in otherwords, its eigen
valuesare all nonngative.

Example. If a learningmachineis a regressionmodel using
a parametricfunction f(z, w)

p(yle, w) « exp(—%(y — f(x, w))z),

thenthe Fisherinformation matrix is equalto

w) = /&f(;b,w)ﬁjf(;b,w)p(ykb,w)q(m)dzﬂ,

whered; = (9/0w;). TheFisherinformationmatrixis positive
definiteif andonly if {9;f(z,w)} is linearly independent.

A learning machineis called regular if 7(w) is positive
definite for an arbitrary w. If otherwise,then the learning
machineis called singular In a singular learning machine,
there exists a parameterw such that det I(w) = 0. Such
a parameteris called a singularity of the Fisherinformation
matrix. At a singularity of the Fisherinformation matrix, the
likelihood function can not be approximatedy ary quadratic
form of the parameter

Remark. If alearningmachinehasa singularity of the Fisher
information matrix, the setof suchpoints

S ={we W;det I(w) = 0}

is notthe emptyset.In generalthe set.S is not onepoint, and
it containssingularitiesin itself (singularitiesof the analytic
set.sS).

Example. Let us study a function with a parameterw =
{ak, bx},

w) = i{ak sin(z) + by cos(m)} (0 <z < 2m),

then Fisher information matrix is always positive definite.
Hencethe regressionmodel which employsFourier seriesis
regular However, if afunctionwith aparameter = {ag, bi },

K

flz,w) = Zak tanh(bgz) (0<2z<1)

1)
is usedin a regressionmodel, thenthe set

0

)7 @f(l‘, ’U})}

is not linearly independentf atleastoneof a or by is equal
to zero.Hencethe regressionmodelis singular It wasshavn
[22] that the setof all singularitiesof the Fisherinformation
matrix of this machine

0
{@f(l‘,w

S = {w;det I(w) = 0}
is an algebraic variety which is determinedby the ideal
generatedy

K

E akbzh_l =

k=1
This algebraicvariety S containssingularities.
Remark. In singular learning machines,a parameterwhich
correspondgo a smallermodelis a singularity of the Fisher

information matrix in the larger model, whereas,in regular
statisticalmodels,it is not.

Example. The normaldistribution

r—a 2
p(ala) x exp(- 1220,
is regular, whereadts mixture
xz — b||? x—c|?
p(z|a,b,e) x a exp(—%) +(1—a) exp(—%)

is singular In general,if a learning machinehas a layered
structureor a hiddenvariable,thenit is singular in general.
Hence almost all learning machinesin neural information
processings singular

Remark. Someresearcherglaim that the conventional sta-
tistical learning theory even holds in a singular learning
machinein the casewhenthe optimal parametefor function
approximationis uniguely determined .t is not true. Even if

the optimal parameterin function approximationis unique,
singularitiesaffects the learning processby the bias-\ariance
problem. It should be emphasizedhat singularities of the
Fisherinformation matrix hasthe larger bias but the smaller
variancethan the ordinary points. In statistical engineering
processsuch as model selectionand hypothesistesting, we
have to study the balanceof the bias and the variance of

the parameterlt dependson the true distribution, the learning
machine,and the numberof training sampleq21][23] [13].



I1l. MATHEMATICAL FOUNDATION

A. Sandard Form of Sngular Likelihood

In singular learning machines,the cornventional statisti-
cal learning theory does not hold, hencewe need a new
mathematicafoundationon which the likelihood function is
appropriatelytreated. We proposethe following theoremis
the basicone for singularlearningmachineswhich is called
resolution of singularities, or resolution theorem in algebraic
geometry

Resolution Theorem. (Hironaka,1964)Let H (w) be an an-
alytic function on an open set I in R¢, which satisfies
H(w) >0 (we W)andH (wg) = 0 for somewy € W. Then
thereexist both a ¢ dimensionalmanifold &/ and an analytic
functiong : U — W, suchthat, for an arbitrary coordinatein

uelU,

H(g(w) = wu™ g,
' ()] = bluuy® - ug?,

whereks, ..., kq, h1, ..., hq arenonngatie integers, |g’' (u)| is
the Jacobiarof themapw = g(u), andb(u) > 0 is ananalytic
function.

Remark. This theoremis the well-known basic theoremin

algebraicgeometryproved by Hironaka[8], on which Atiyah
and Kashiwararespectiely made the foundation of distri-
bution theory [4] and algebraicanalysis[11]. It was firstly
proposedn [18][20] thatthis theoremis essentiato statistical
learningtheory Thistheorenmclaimsthatthefunction H (g(u))

can be madeas the direct productof uy, us, ..., ug, which is
saidto benormal crossing. Themanifold U/ is notorientablein

general The analyticfunctionw = g(u) maynot beinvertible
atu suchthat H (g(u)) = 0, however, invertible at v suchthat
H{(g(u)) # 0. For a given function H (w), both the manifold
U and analyticmapw = g(u) can be algorithmically found
by usingrecursve blowing-upsor toric modification.

Let us definethe empirical and averageKullback informa-
tions respectiely by

. R i
Kp(w) = -~ Z; lo pigy(i!i, 1)1)) ,
k) = [ [ atsle)tog L daay

For simplicity, we assumein this paperthat there exists a
parametens, suchthat ¢(y|z) = p(y|z, we), in otherwords,
thetrue distribution is containedn thelearningmachine Even
if thetrueis not containedn a learningmachine singularities
strongly affect learning process[22][23]. If there exists a
parameterw, suchthat K (wg) = 0, then K (w) satisfiesthe
assumptionof resolutiontheorem,hencewe can apply the
resolutiontheorento K (w). It isimmediatelyshovn thatthere
exist both a manifold /' andan analyticfunctiong : U — W

suchthat
K(g(u) = A(u)?
Au) = ulf1~~~u5“.

By usingthis fact, the empirical Kullback informationcanbe
written as

Kn(g(u)) = nA(u)® + VnA(u)én (u), )

where .
n(u) = %;w<mi,yi,u>.

Here the function ¢(z, y, u) is definedby
1o q(y|z)
Y(x,y,u) = —— ( K(g(u)) — log ————— .
(.10 = iy (K00) —low S y)
We proposethatthe equation(2) is the standardepresentation
of the likelihood function of a singularlearningmachine.

Remark. The function (z,y,u) can be written as
Y(z,y,97 " (w)) if K(w) # 0. However, it is ill-defined as
thefunction of w at K (w) = 0 in general.On the otherhand,
we canprove ¥ (z, y, u) is ananalyticfunctionof « evenwhen
K(g(u)) = 0. Thefactthat+(z, y, u) is well-definedfunction
of 4 canbe proved by the normalcrossingpropertyof A(u).

The randomprocesst, (u) is an empirical process, which
satisfies

Ellgn(m)] =2 (if K(g(u)) =0).

Moreover, &, (u) weakly corvergesto the tight gaussiarpro-
cesst(u) whenn tendsto infinity. Here the gaussiarprocess
&(u) is uniquely identified by its averageand covariance

Elf(w)] = 0 (Yu),
Elg(u1)é(u2)] = E(X,Y,m)y(X,Y,uz)] (Vur,uz).

ThentheempiricalKullbackinformationcanbewritten as[24],
. E(u)2 1
Kalow) = (vaaw + S - Lewr @
on the manifold U
B. Example
Let us studya learningmachine
1 1
) - ey — bx) — ex)?
p(ylz, w) \/ﬂexp( 2(y ac(bz) — cx) ),
whereo(z) = z + 2? andw = (a, b, ¢). We definethe setof
parameterdy
W= {w;la| <1,[b] <1, [c] <1}
Assumethat the true distribution is
q(ylz)q(x) = p(yl2,0,0,0) g(=),

where ¢(z) is the standardnormal distribution (averageO,
variancel). Thenthe Kullback informationis

K(w) = % ((ab +e)? + 3a2b4) .



Note that K (w) = 0 definesan algebraicvariety,
ab=1c=0.

The function K (w) is not normal crossing,however, we can
makeit normal crossingby the recursve blowing-ups.Let us
introducefour sets

Wi = {w;la| <]},

Wy = {w;lal > [c],ab] < ab +c[},

Ws = {wlal > |el,|ab+c| < [ab?[},

Wi = {wlal > |el,|ab’| < ]ab+ c| < |ab]}.

It follows that W = uU;W;. Let U; (: = 1,2,3,4) be sets
containedin R?,

UZ' = {(ai, bl', Cl)}

A functiong; : U; = W (i = 1,2, 3,4) is definedon eachU;
suchthat

a=aic;, b=b, c=c,
a=as, b=byca, c=as(l—"b)ey,
a=uas, b=bs, c¢=aszbs(bzez—1),
a=as, b=bscs, c¢=asbsca(cs—1).

ThenU; canbe understoodasa local coordinatewhoseunion
definesa manifold U = U;U;, wheretwo points u; € U;
andu; € U; areidentifiedasa onepointin U if andonly if
gi(ui) = g;(u;). In eachcoordinatethe Kullbackinformation
is given by

2K (g(u))

cH(arby + 1)* + 3a?b7},
azc3(1 4 3bic3),

azbs(c3 + 3),

azbici(1 4 3b3).

It is easyto seethattheempiricalprocesg, () is well-defined
in eachcoordinate.

IV. MAXIMUM LIKELIHOOD AND MAXIMUM A
POSTERIORI

In the maximum likelihood method and the maximum a
posteriorimethod,the loss function

L(w) = — Zlogp(yilébi, w) — ay, log p(w)
i=1

is minimized, where ¢ (w) is somea priori probabilty distri-
butionon W and{a, > 0} is arealsequenceThe parameters
that minimize L(w) with a, = 0 anda,, = 1 arerespectrely
calledthe maximumlikelihood estimatorand the maximuma
posterioriestimator Sometimeghe other estimatorsare used
with the other conditionson a,,. Let @ be the parametetthat
minimizes L(w). Thenthe averagetraining error F:(n) and
theaveragegeneralizatiorerror E,(n) arerespectrely defined

by
E[Kn(w)],
E[K ()],

where E] ] shavs the expectationvalue over all sets of
training samples Even in singularlearning machinesjt was
proven in [24] that, if W is containedin a compactset, the
symmetryof two errorshold,

Bn) = ~E4oc),
Byln) = Eto(),

wherey is a constantIn regular statisticalmodels,it is well
known that . = d/2. However, in singularlearningmachines,
u is notequalto d/2. In general,u > d/2.

Let usassumehat,in eachlocal coordinate at leastone of
k1, ..., kg is an odd number When

“mn—>ooan =,

then 1
H= 4 [¢(ﬂ)2]
The estimatorz is definedby
e €(u)?
i = r:lrgulengD (— 1 + ago(g(u))),

whereUy is the setof parametersvhich satisfy K (g(u)) = 0.
Therefore,f a,, = 0, then

n= %E[sup £(u)?].
ueUyg

If lim,a, = co andlim, a,/+/n = 0, then

1
n= ZE[ sup &(u)?],
u€Uoo
where Uy, is the setof parametersvhich maximize ¢(g(u))
in Uy.

Remark. If W is not a compactset, MLE often doesnot

exist. Even if MLE exists, the generalizationerror becomes
larger than u/n. The MLE in singular a singular learning
machinehasa quite strongerover-fitting propertythanthatof a

regular statisticalmodels.The maximumlikelihood methodis

moreinappropriatdor singularlearningmachineshanregular

statistical models. On the other hand, as we shawv in the

following section,the averagegeneralizationerror of Bayes
estimationis far smallerthanthat of the maximumlikelihood

methodin singularlearningmachines.

V. BAYES ESTIMATION
A. Theoretical Results
In Bayeslearning,the free enegy or the maginal likelihood

is given by

F(Dn)

~tog [ T ptlas.w) (w) du,
i=1

where ¢(w) is an a priori distribution on W. It is easyto
shav the averagegeneralizatiorerror of Bayesis equalto the
increaseof the mamginal likelihood

B[G] = E[F(Das1)] - E[F(D,)] - nS,



where S is the entropyof the true distribution,

s== [ [ atwatvle)og a(ule)dady.

The zetafunction of a learningmachine[20] is importantin
Bayestheory

C(z) = /K(w)zgo(w) dw. (Re(z) > 0).

The function {(z), which is a holomorphic function in

Re(z) > 0, canbe analytically continuedto the meromorphic
function on the entire complex plane. The analytic continu-
ation is ensuredby againthe resolutiontheorem[4] or the
existenceof b-function[11]. It is also proved that the poles
of the zetafunction are all real and negative integers,

0>—)\1>—)\2>—)\3>“~.

Let m; be the order of the largestpole (—X;). Thenit was
proved that the free enegy has the asymptotic expansion
[18][20]

F(Dy) =nS, + A1 logn — (m1 — 1) loglog n + R(D,,),

whereS,, is the empirical entropyof the true distribution

1 n
Sp = _n ;log q(yz|x2)7
which doesnot dependon the learningmachine,and R(D,,)
is a randomvariable which weakly corvergesto the random
variable representedy the randomprocessé(u). By using
this result, we obtain that, if the Bayesgeneralizationerror
hasasymptoticexpansionthenit is
A

W +0(%).

E[G] =

If the learningmachineis regular, A; = d/2 andm, = 1. If
it is singularand ¢(w) > 0 at somesingularity of the Fisher
informationmatrix, thenA; < d/2 andm; > 1. Notethatthe
Jefreys’ prior definedby

p(w) o \/det I(w),

is equalto zero at the singularity of the Fisherinformation

matrix. If the Jefreys’ prior is employedthenA; > d/2 [19].
By usingthe resolutiontheoremagain,the largestpole and

its order can be exactly obtained.The largestpole (— ;) of

() = [ Kl 1 @elsu)du

is given by

h; +1
A1 = min it

in =L @

andits orderm; is equalto the numberof j which attainsthe
minimum in equation(4).

Completeresolutionof singularitieswasgivenin a layered
neural network [2] and a reducedrank regression[3]. If a

learning machinegiven by equation(1) is trained so as to

learnthe true distribution a; = as = --- = 0, then
WH)*+ VH]+ H
Al = )
4[VH]+ 2

where[\/H] is the largestinteger that is not larger than~/H..
It is still an open problemto find the completeresolution
of somelearning machines.However, if a partial resolution
of singularitiesis found, then the upper bound of A; is
simultaneouslyobtained. Partial resolutionswere found in
generalthree-layerperceptrong21], gaussianmixtures[25],
Boltzmannmachines[26]and hiddenMarkov models[27].

B. Variational Bayes

In the variational Bayes (VB) learning, the a posteriori
distribution p(w|D,,) is approximatedby the VB posterior
distribution

r(w) = ri(wy)re(wa) - - ra(wq).

The probability distributions 7y (w1), - - -, ra(wy) are deter
mined by minimization of the Kullback information

rw)
/ r(w)log o oy

In singularlearningmachinesthe posteriordistribution does
not corverge to ary normal distribution, resulting that the
VB estimationis different from the true Bayesa posteriori
distribution even if the numberof training samplesgoesto
infinity. The VB free enegy definedby

F(Dy) +/r(w) log %dw

Fub(Dn) =
hasthe differentasymptoticform thanthe true Bayesmamginal
likelihood. The asymptoticforms of the VB free enegy were
clarified in normal mixtures [15], in generalmixtures mod-
els [16], hidden Markov models[9], stochasticcontext-free
grammarg10], and Boltzmannmachineg14]. Unfortunately
in VB learning,the averagegeneralizatiorerroris not equalto
the increaseof the free enegy, hencethe generalizatiorerror
of VB learningis still an openproblem.It is shavn that the
behaior of the VB generalizatiorerroris quite differentfrom
the VB free enegy in reducedrank regression[13].

C. Markov Chain Monte Calro

In singularlearning machinesthe true Bayesa posteriori
distribution has a quite complex form in the neighborhood
of singularities. It is often difficult for both the Markov
chain Monte Carlo and VB to approximatesuch probability
distribution. Recently it wasshavn thatanimproved method,
theexchangeMonte Carlo,is appropriatdor constructinghea
posterioridistribution in singularlearningmachinesresulting
in thesmallergeneralizatiorerrors[12]. Thetheoreticalvalues
of the free enegy givesa goodindex which measureprecise-
nessof the approximationof the a posterioridistributions.



VI. CONCLUSION

A lot of learningmachinesusedin practicalapplicationsare
singular to which the corventionalstatisticallearningtheory
cannot be applied.

This paperintroducesthe standardform of the likelihood
function in singularlearningmachinespy which the asymp-
totic behaiors of the training and generalizationerrors are
clarified.

Nowadays,new training algorithmssuchas the Variational
Bayes and the exchange Monte Calro method are being
developed.Basedon thetheoreticaresultsof singularlearning
machineswe candevelop new informationtools which mea-
suresthe speedand precisenessf new training algorithms.
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