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Abstract— Almost all learning machines used in computa-
tional intelligencearenot regular but singular statistical models,
becausethey are nonidentifiable and their Fisher information
matrices are singular. In singular learning machines, neither
the Bayes a posteriori distrib ution converges to the normal
distrib ution nor the maximum lik elihood estimator satisfies
the asymptotic normality , resulting that it has been difficult
to estimate generalization performances. In this paper, we
establish a formula of equations of states which holds among
Bayes and Gibbs generalization and training errors, and show
that two generalization errors can be estimated fr om two
training errors. The equations of states proved in this paper
hold for any true distrib ution, any learning machine, and a
priori distrib ution, and any singularities, hence they define
widely applicable information criteria.

I . INTRODUCTION

A. Background

A lot of learning machinesused in computer science
andbrain informaticsare not regular but singularstatistical
models. A model is called regular if the mapping from
the parameterto the probability distribution is one-to-one
and if Fisherinformationmatrix is always positive definite.
Almost all learning machinesemployed in computational
intelligencehave hierarchicalstructuresor hiddenvariables,
hencethey are singular learning machines.In regular sta-
tistical models,Bayesa posterioridistribution convergesto
the normal distribution and the maximum likelihood esti-
mator satisfiesasymptoticnormality. Whereas,in singular
learningmachines,Bayesa posterioridistribution converges
to thesingulardistribution [17] andthemaximumlikelihood
estimatordiverges to infinity [6], [5], [7]. Singularitiesin
the parameterspacestrongly affect learning dynamics[1].
These are universal phenomenain singular learning ma-
chines,which prevent us from analyzingtheir generalization
performances.

Recently, we establishedan algebraicgeometricalmethod
for singular learning machines[18], [19], [20], [21], [22].
Basedon resolutionof singularities,we proved that Beyes
marginal likelihoodis determinedby the largestpole of zeta
function.It wasshown by theseresultsthatthegeneralization
errorsof singularlearningmachinesdependon singularities.
In practical applications,the true distribution is unknown,
henceit hasbeendifficult to estimatethe singularitiesof the
true setof parameters.
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B. Equations of States in Learning

In this paper, we derive a formulawhich holdsamongfour
errors, Bayesgeneralization

���
, Bayestraining

���
, Gibbs

generalization� � , andGibbs training � � . The equationsof
statesproved in this paperare��� ���	��
���� ���
��� ��� � ����
���� � �
�� ��������� � �
��
���� ���������
The formula holds for arbitrary true distribution, arbitrary
learningmachine,arbitrarya priori distribution,andarbitrary
singularities.Hencewe can estimateBayesand Gibbs gen-
eralizationerrors from Bayesand Gibbs training errors. In
otherwords,we canconstructwidely applicableinformation
criteria which can be used in both regular and singular
learningmachines.

C. Examples of Singular Learning Machines

The following learning machines are not regular but
singularstatisticalmodels.(1) layeredneuralnetworks, (2)
radialbasisfunctions,(3) normalmixtures,(4) binomialmix-
tures,(5) reducedrankregressions,(6) Boltzmannmachines,
(7) Bayesnetworks,and(8) hiddenMarkov models.Almost
all learning machinesare singular [26]. In theselearning
machines,if a learning machineis smaller comparedwith
the true distribution, then the set of true parameteris an
analyticsetwith singularities.In singularlearningmachine,
AIC does not correspondto the averageprediction error,
and BIC doesnot equal to the asymptoticevidence.Hence
in order to establisha mathematicalfoundation for model
selectionand hypothesistesting,we needsingular learning
theory.

I I . MAIN RESULTS

Let � ��� � be a probability density function on ! dimen-
sional Euclideanspace "$# and % be a random variable
which is subject to � ��� � . Also Let %'&)(*%,+-( �.�/� (*%,0 be ran-
dom variableswhich are independentlysubjectto the same
probability distribution as % . In learning theory, � ���1� and%'&)(2%,+�( �.�.� (2%30 are respectively called the true distribution
anda setof training samples.

A learningmachineis definedby a probabilitydistribution4 ���65 7�� of
�98 " 0 for a given parameter

7:8 "$; . A
probability density function < ��7�� is also defined on "$; ,
which is called an a priori distribution. The a posteriori
distribution = ��7�� is definedby

= ��7����?>@ < ��7A�CB 0DE/F & 4 � % E 5 7��HG1I (
where

�KJML
is an inversetemperature.Let

�ONP�RQ �
be the

expectationvalueby this probability distribution. We define



four errors.
(1) Bayesgeneralizationerror.���S�T�OU3� V.W-X � � % ��ON 4 � % 5 7�� ���
(2) Bayestraining error.���Y�Z>[ 0\ E.F & V/W]X � � % E ��ON 4 � % E 5 7�� �
(3) Gibbsgeneralizationerror.

� �^�T� N �OU_� V/W]X � � % �4 � % 5 7A� �
�
(4) Gibbs training error.

� �Y�T� N >[ 0\ E.F & V/W]X � � % E �4 � % E 5 7�� �
We need the mathematicalassumptionswhich ensurethe
theorems.Let us definea log densityratio function by` ��� ( 7��a�bV.W-X � ��� �4 ���65 7�� �
In this paper, we assumethe following threeconditions.
(A.1) Assumethat the set of parametersc is a a compact
set which is a closureof an openset in "d; . The set c is
definedbyc �fe	7g8 " ;]h*i & ��7��kjlL ( Q	QmQ ion ��7A�kjpLrq (
where i & ��7A� ( Q	QmQ ( i n ��7�� are analytic functions, and the
a priori probability density < ��7�� is given by < ��7��s�<6t ��7�� < & ��7�� where <6t ��7��AJTL

is a u^v -classfunction and< & ��7��kjlL
is an analytic function.

(A.2) Let w jbxzy-�
be a constant,and {}| � � � be the complex

Banachspacedefinedby

{ | � � ���~e ` ���1� h�� 5 ` ���1�	5 | � ���1�*�-������q]�
Assume that there exists an open set cg�����_; which
contains c such that a function cg�P� 7��� ` �HQ ( 7A� is an{a| � � � valuedanalytic function.
(A.3) Let c t ��e	7K8 c h � ���1��� 4 ����5 7A��q be the set of
true parameters.The set c�t is not the empty set and there
exists an openset c��A�T�_; which contains c suchthat� U �Y�2�r�N6�z� � 5 ` � %�( 7��	5 | �
�������
Remark. Theseassumptionsare needby the mathematical
reasons.
(1) These conditions allow the case that the set of true
parametersc�t �~e	7f8 c h � ���1��� 4 ���65 7���q is not onepoint
but an algebraicsetor an analyticsetwith singularities,and
that Fisherinformationmatrix haszeroeigenvalues.
(2) The condition that c is compactis necessarybecause,
even if the log densityratio function is an analytic function
of the parameter,

5 7�5z���
is singularity in general.By this

reason,If c is not compactand c t contains
5 7�5O���

,

the maximumlikelihoodestimatordoesnot exist in general.
In fact, if

�?� ��� &�( � + � , 7�� ��  (¢¡ � , and
` ��� ( 7��s���� + 
b }�*£.¤¥� ¡ � & �2� + y�� , and c�t contains

e� ���L¦q
, then the

maximumlikelihoodestimatorneverexists.Onthetherhand,
if

5 7�5A�§�
is not singularity, "d;^¨ e©5 7�5A�§��q

can be
understoodas a compactset and the sametheoremsas this
paperhold.

Basedon the assumptions(A.1),(A.2), and (A.3), we show
Theorems.

Theorem 1: (1) There exist random variables
� �� , � �� ,�C�� , and �C�� such that, when [ � �

, the following
convergencesin law hold.[ ���S��� �� ( [ ���Y�Z� �� ([ � �S� � �� ( [ � ��� � �� �
(2) When [ �ª�

, the convergencein probability holds,[ �����A
����«
 � �k¬ � �H����L­�
(3) Expectationvaluesof four errorsconverge,��� [ � � � �Z�'� � �� � ( ��� [ � � � �Z�'� � �� � (��� [ � � �o�Z��� � �� � ( ��� [ � � �¥�Z��� � �� �
�
For the proof of this theorem,seesectionIV. The following
Theoremis the main formula of this paper.

Theorem 2: (Equations of States in Statistical
Estimation). The following equationshold.�'� � �� �1
���� � �� ��� ��� � �� ��
���� � �� �� �®���¯��� � �� �1
���� � �� ����� (1)

Remark. (1) Theorem2 shows the increasesof errorsfrom
training to prediction are in proportion to the difference
betweenBayesand Gibbs training. We call Theorem2 as
Equations of Statesin Statistical Estimation, becausethey
hold for any true distribution, any learningmachine,any a
priori distribution, andany singularities.
(2) Althoughtheequationsof stateshold universally, thefour
errors themselves strongly dependon a true distribution, a
learningmachine,an a priori distribution, andsingularities.
(3) Theorem 2 also shows the conservation law that the
differencefrom the Bayeserror to Gibbs error is invariant
betweentraining andgeneralization,��� � �� ��
���� � �� � �T�'� � �� ��
���� � �� ��� (2)

As is shown in Theorem1, this conservation law holdsnot
only asexpectations,but alsoasrandomvariables,whenthe
numberof training samplestendsto infinity.

Corollary 1: The two generalizationerrors can be esti-
matedby the two training errors,° ��� � �� ���� � �� ��± � ° > 
²�®� ���
���� > ¬p�®�³± ° ��� � �� ��'� � �� �C± �

(3)

Remark. (1) From eq.(3),it follows that° ��� �C�� ��'� � �� ��± � ° > 
²�®� ���
��®� > ¬´���³± ° ��� �C�� ���� � �� �^± (



which shows thatthereis a symmetrybetweengeneralization
errorsand training errors.
(2) A statisticalmodel is called regular if the set of true
parametersc�t ��e�7µ8 c h � ���1�¶� 4 ���65 7���q consistsof
onepoint andif FisherInformationmatrix is alwayspositive
definite.Note thata regular model is a very specialexample
of singularlearningmachines.For a regularstatisticalmodel,
we have ��� � �� � � � � ( ��� � �� � �·� > ¬ >� � � � (��� � �� � ��
 �� ( ��� � �� �o�f�*
 > ¬¸>� � � � (
which is a specialcaseof Theorem2.

Theorem 2 reveals the universal relations among four
errors.It holdsevenif thesetof trueparametershascomplex
singularities.However, its fact simultaneouslyshows that
we canextract no informationof singularitiesdirectly from
Theorem2. Theorem3 shows that four errorshave important
informationaboutsingularities.The Kullback-Leibler infor-
mation is¹´��7����º� U � ` � %�( 7��»�o� � � ��� �©V/W]X � ��� �4 ���65 7�� �]�«�
The zeta function of a learningmachineis definedby¼ ��½©��� � � ¹p��7��*¾ < ��7����-7C� (4)

The zeta function is a holomorphicfunction of a complex
variable

½
in theregion ¿SÀ ��½©�aJlL

, which canbeanalytically
continuedto a meromorphicfunction on the entirecomplex
plane.Its polesare all real, negative, and rational numbers
(for the proof, see[4][9][22]). They are referredto asL_J~
�Á & J~
�Á + J�
�Á�ÂSJ�Q	QmQ	�
Theorderof eachpole

Á n is denotedby Ã n . We simply use
notations

Á��ÄÁ & and Ã � Ã�& for the largestpole and its
order respectively.

Theorem 3: (1) When [ � �
, the convergence in

probability [ � � ¬ [ � � 
 �]Á� ��L
holds.Therefore ��� � �� �©¬´��� � �� � � �]Á� �

(5)

Also the following corollary holds.
Corollary 2: The following convergence in probability

holds, [ ����
 [ ��� ¬p� [ � ��
 �]Á� �ZLr�
In particular, if

�¶� > , ��� � �� � ��Á
.

By this theoremand corollary, if one knows the true dis-
tribution, one can predict Bayes and Gibbs generalization
errorsfrom BayesandGibbstraining errorswith probability
one, when [ tendsto infinity. In practicalapplications,we
seldom know the true distribution, however, this fact is

useful in computersimulation researchof learning theory
andstatistics.Corollary 2 wasfirstly discoveredin [18][20].
Sincethe constant

Á
strongly dependson the true distribu-

tion, the learning machine,and the a priori distribution, it
characterizesthepropertiesof learningmachines.Thevalues
of several models have been studied in neural networks
[21], normal mixtures [30], reducedrank regressions[2],
Boltzmannmachines[31], hiddenMarkov models[32]. Also
the behavior of

Á
was analyzedin the casewhen Jeffreys’

prior is employed as an a priori distribution [19], and in
the casewhen the distanceof the true distribution from the
singularity is in proportionto > y-Å [ [23].

I I I . WIDELY APPLICABLE INFORMATION CRITERIA

The main purposeof this paperis to prove the theorems.
However, in order to illustrate the reasonwhy the results
of this paperare important,we proposewidely information
criteria and introducean experiment.Experimentalanalysis
in practicalapplicationsis a future study.

A. Basic Concepts

Basedon Corollary1, we establishnew informationcrite-
ria which canbe usedin both regular andsingularlearning
machines.Let us define Bayes generalizationloss, Bayes
training loss, Gibbs generalizationloss, and Gibbs training
lossby � { �Æ� �OU3�R
ÇV.W-X�� N � 4 � % 5 7A�
�.� (� { �È� >[ 0\É2F & 
ÇV.W-X�� N � 4 � % É 5 7��»� (

�^{ �Æ� � N �OU3�R
ÇV.W-X 4 � % 5 7��
� (
�^{ �È� � N �m>[ 0\É2F & 
ÇV/W]X 4 � % É 5 7��»���

Theselossesarerandomvariables.Both training losses
� { �

and �^{ � can be numerically calculatedbasedon training
samples Ê30 and a learning machine 4 ����5 7A� without any
knowledgeof the true densityfunction � ���1� . By addingthe
entropy of the true distribution to Corollary 1

Ë �g
 � � ���1�©V.W-X � ���1�*�-�Ç�T��Ì]>[ 0\ E.F & 
ÇV/W]X � � % E �»Í (
we obtain the equations,�'� � { � ��� ���«��� �^{ � �¦¬º� > 
²�®�6�H��� � { � �r¬�Î¦�r>[ � (��� �^{ ����� � > ¬p�®���*��� �^{ ���­
����«��� � { �¯�r¬�Î¦�r>[ ���
Let us definewidely applicableinformationcriteria (WAIC)
by

cgÏ�Ðzuk& � �®� �^{ � ¬º� > 
�������� { � (cgÏ�Ðzu}+ � � > ¬p�®��� �^{ � 
²�®�Ñ� { � �



Then expectationsof two criteria respectively equal to the
BayesandGibbsgeneralizationlosses,��� � { � �µ� ��� cgÏ�Ð©uk& �r¬�Î¦� >[ � (�'� �^{ � �µ� ��� cgÏ�Ð©u}+ �r¬�Î¦�¦>[ ���
Therefore,cgÏ�Ð©uk& and cgÏ�Ð©u}+ give the indicesfor model
evaluation.

Remark. If a model is regular,�������'� � �� �­
���� � �� �Ò���º� ( (6)

holds. When
�K���

, both Bayesand Gibbs estimations
resultin themaximumlikelihoodmethod,henceeq.(1)gives
the well-known information criterion Ï�Ð©u . In other words,
WAIC canbe understoodasgeneralizedinformationcriteria
of AIC for singular learningmachines.In singular learning
machines,eq.(6) does not hold, however, the symmetry
of generalizationand training errors also holds when the
parameterset is compact[24].

B. Experiments

We studiedreducedrankregressions.Theinput andoutput
vector is

���K��� &®( � + �S8 " #YÓSÔ " #6Õ and the parameteris7Ö�¸� Ï�( ��� where Ï and
�

are respectively !3& Ô�× and×9Ô !�+ matrices.The learningmachineis4 ���65 7���� � ��� & � >�¯� i¥Ø + � # Õ¢Ù +OÚÜÛ �«�H
 >� Ø +�Ý � + 
�� Ï � & Ý + �Ü�
Since � ��� & � hasno parameter, it is not estimated.The true
distribution is determinedby matrices Ï t and

� t such
that rank

�¯� t Ï t �d� × t . The algebraicvariety of the true
parameters

¹´� ÏC( �_���TL
, where¹´� Ï�( ����Þ Ý � Ï 
�� t Ï t Ý + (

has complicated singularities. We conductedexperiments
in a case when ! & � ! + � ß

, × t � à
,
��� > ,[ � > L]L-L , and Ø �áLr� > . The a priori distribution was4 � Ï�( ���PÞ ÚÜÛ �¥�H
��r� L�Q > Lrâ1ã]� Ý Ï Ý + ¬ Ý � Ý + �*� . Reducedrank

regressionswith hiddenunits × � > ( � ( �/� ( ß wereemployed.
The a posteriori distribution wasnumericallyapproximated
by the Metropolis method, where initial 5000 stepswere
omittedand2000parameterswerecollectedafter every 200
steps.Expectationvalues

� �
, cgÏ�Ð©uP& , � � , cgÏ�Ð©u}+ were

averagedby 20 trials, that is to say, 20 sets of training
sampleswereindependentlytaken from thetruedistribution.
Theoreticalvaluesof

��� �����
for

�g� > were given in [2].
The resultsin table.1show why the resultsof this paperare
important.

IV. SINGULAR LEARNING THEORY

In this paper, we show outline of theorems.For the
mathematicallyrigorousproof, see[28].

ä
Theory å«æ ç�è6émê�ë ì6æ ç�è�é	êoí

1 1.677973 1.668674 1.688998 1.679448
2 0.826303 0.797272 0.853480 0.823484
3 0.013500 0.012696 0.014204 0.026243 0.027413
4 0.015000 0.014491 0.015340 0.030163 0.030554
5 0.016000 0.015600 0.016078 0.031975 0.032011
6 0.017000 0.016481 0.016687 0.033334 0.033048

TABLE I

EXPERIMENTAL REULTS

A. Resolution of Singularities

The main region in the parameterset to be studiedisc¶î �fe	7g8 c h ¹´��7A�}ïlð	q
for a sufficiently small

ðMJñL
. The set c�òÇc¶î does

not affect the asymptotic behaviors [28]. By applying
the Hironaka desingularitzationtheorem[8] to

¹´��7��Ü�¯ð�
¹p��7��2� <�& ��7�� i & ��7�� Q	QmQ i n ��7�� , thereexist a manifold ó �¨Yô õ�ô where õ�ô is a local coordinateanda properanalytic
map öÑ÷­õ�ô � c î , written by

7f� ö ��øo� , suchthat in eachõ�ô , functions
¹´��7��

,
��ð�
p¹´��7��*�

, <�& ��7�� , i & ��7A� , Q	QmQ , andion ��7�� areall normalcrossing.That is to say,

¹p� ö ��øo�*����ø + n � ;DÉ2F & ø + n2ùÉ (
and

< � ö ��øo�*�	5 ö � ��øo�m5-� ¡ ��øo�m5 ø¥úr5-� ¡ ��øo�m5 ;DÉ2F & ø ú ùÉ 5 (
where

5 ö � ��ø �	5 is Jacobian, û �ü��ý &�( ý +�( �/�.� ( ý ; � and
ý��� û1&®(¢û�+�( �.� (¢û ; � aresetsof nonnegative integers,and ¡ ��øo�}JbL

is a u^v classfunction. Note that ö ��øo� , ý , and û dependon
the local coordinate õ�ô , however, for simple notations,we
omit þ that identifiesthe local coordinate.By applying the
partition of unity to ó , we canassumethat ö â & � c �

is the
union of coordinates

� L ( > � ; and that< � ö ��øo�*�	5 ö � ��øo�m5-�Tø úSÿ ��øo� (
where

ÿ ��ø ��J~L
is a u^v classfunction. Existenceof such

a manifold ó andananalyticmap
7�� ö ��øo� is well known

in algebraicgeometry[10], algebraicanalysis[4], [9], and
learningtheory [20]. Since c is compactand ö is a proper
map,ö â & � c �

is alsocompact.For ourpurpose,weneedonly
the compactsubsetö â & � c �

in ó . Therefore,hereafterwe
usenotation ö â & � c �^� ó , which is a compactsubsetof
themanifold.Thesetof trueparametersis denotedby c t �e�7s8 c h ¹´��7A���³L¦q

and ó t �se�ø�8 ó h ¹´� ö ��ø �2���Lrq
.
Let us definethe supremumnorm by

Ý ` Ý ���2�r�� ��� 5 ` ��øo�m5R�
Then we have a standardform of the log density ratio
function.



Lemma 1: Thereexistsan {}| � � � valuedanalyticfunctionó � ø$��Z  ��� ( øo�P8 { | � � � suchthat` ��� (Hö ��øo�*���   ��� ( øo�6ø n (�OU_�   � %�( øo�
� � ø n (¹´� ö ��ø �2����L � ��U��   � %�( ø � + � ��� (� U � Ý   � % � Ý | �ñ� �T�
This lemma shows that, if there are only normal crossing
singularitiesin the parameterset, the ideal generatedby the
setof trueparametersis trivial, resultingthat the log density
ratio function is alsotrivial. For theproof of this lemma,see
[28]. We define Ý   � % � Ý �º�2�r� � ��� 5  1� %�( øo�m5 .
B. Empirical Processes

An empiricalprocess�m0 ��øo� is definedby

� 0 ��øo��� >Å [ 0\ E.F &   � � % E ( øo�
where

  � ��� ( ø ���º� U �   � %�( øo�
�Ü
_ 1��� ( ø � . Thentheempirical
processsatisfiesthe following Lemma.

Lemma 2: The empiricalprocesssatisfies��� Ý �m0 Ý�� �?� u Î [ w�� �­������ Ý�	 �m0 Ý�� �?� u Î [ w�� �­���
where u Î [ w
� � does not depend on [ , and Ý
	 �	0 Ý �� ;É2F & Ý
� É � 0 Ý .
Let the Banachspaceof the uniformly boundedandcontin-
uousfunctionson ó be�$� ó ���fe ` ��ø � h Ý ` Ý ���bqz�
Since ó is compact,

�'� ó �
is a separablenorm space.It

wasproved in [24] that the empiricalprocess�m0 ��øo� defined
on

�$� ó �
weakly converges to the tight gaussianprocess� ��øo� that satisfies���]� � ��ø �»�µ� L (���-� � ��øo� � ���¦�
�?� � U �   � � %�( øo�H  � � %�( �©�»���

If
ø ( ��8 óMt ,�OU��   � � %�( øo�H  � � %�( �©�»�o�T�OU3�   � %�( øo�H  � %�( �©�»���

It is well known that a tight gaussianprocessis uniquely
determinedby its expectationandcovariancematrix of finite
points. In a singular learning machine,Fisher information
matrix is singular, however,

� U �   � %�( øo�H  � %�( �©�»� canbe un-
derstoodasthegeneralizedconceptof theFisherinformation
matrix.

Let � ��øo� bean arbitrarydifferentiablefunction.We define
the averagè

��øo�
over ó for � ��øo� by

���� � ` ��øo�m5 � � �
\ ô ��� t
� &���� ` ��øo��@���ø (�� ���-ø\ ô ��� t�� &���� @C��ø (�� ���]ø (

where
� ô is the summationover all coordinatesof ó ,

L3ïØ ï > , and@���ø (�� ����ø ú ÿ ��ø � À â I 0 � Õ ��! I#" 0 � � ��$ �&% ! � � �
' $ U � �&% �
Lemma 3: Assumethat

ý & JbL
. For an arbitraryanalytic

function � ��ø � ,� �� � ø + n 5 � �?ï ( &[ e > ¬ Ý � Ý + ¬ Ý�� &�� Ý +¬ Ø Ý   � % � Ý ¬ Ø Ý
� &  1� % � Ý q (���� � ø Â n 5 � �?ï (m+[ Â Ù + e > ¬ Ý � Ý Â ¬ Ý�� &)� Ý Â¬_� Ø Ý   � % � Ý � Â Ù + ¬º� Ø Ý�� &   � % � Ý � Â Ù + q (
where � & ��� � y � ø & � , ( & � ( Â �¯ý & ¬ > �2y®��¬ > y-� , ( + �
( Â+* �2�¯ý & ¬ û & ¬ > �¢y)�'¬ > � Â Ù + , and ( Â � Ý ÿ Ý]Ý > y ÿ Ý .
Note that, by Lemma3, � �¦��ð�� is asymptoticallyuniformly
integrable.For the proof of this Lemma,see[28].

Since
7�� ö ��ø � , we rewrite the major partsof four errors

as � � ��ð���� � U �R
ÇV.W-X�� t� � À â ' $ U � �&%�� � 5 �m0 �.� ( (7)������ð���� >[ 0\É2F & 
ÇV.W-X�� t� � À â ' $ U ù � �&%�� � 5 � 0 � ( (8)

� � ��ð���� � t� � ø + n 5 �m0 � ( (9)� ����ð���� � t� � ø + n 
 >Å [ ø n � 0 ��ø �	5 � 0 ��� (10)

Without lossof generality, in eachlocal coordinate,we can
assume

øº�9��� (�, ����8 ".- , , 8 ".-0/ , ( 1®� ����
 1 ),
ýp���ý ( ý � � , û ��� û¥(�û � � , andû & ¬ >�-ý & ��QmQ	Qz� û - ¬ >�-ý - �TÁ ô � û��& ¬ >�-ý �& ï�Q	QmQÜ�

We define 2 � û�� 
²�-ý � Á ô 8 "3-�/ , then

2 E J û �E 
²�-ý �E û��E ¬ >�-ý �E �f
 > (
hence,54 is integrablein

� L ( > � - / . Both
Á ô and 1 dependon

the local coordinate.Let
Á

be the smallest
Á ô , and Ã be

the largest 1 amongthe coordinatesin which
Á$��Á ô . Then�*
�Á��

and Ã are respectively equal to the largestpole and
its orderof the zetafunction of eq.(4).Let þY� be the index
of the set of coordinateswhich satisfy

Á ô �fÁ
and 1 � Ã .

As is shown in the following lemma,only coordinatesõ ô76
affect four errors.Let

� ô 6 be the sumof suchcoordinates.
For a given function

` ��ø �
, we use a notation

` t � , ���` �¯L (�, � . Also
  t � %�(�, �^�Ö  � %�( L (�, � . The expectationfor a

given function � ��ø � is definedby

�98 � ��� ` � , (�� �m5 � � �
\ ô 6 � vt � � � � , ` � , (�� �Y@ t � , (���(�� �\ ô76 � vt � � � � , @ t � ,1(���(�� �

where : � , shows : � t
� & ��; / � , and@ t � , (���(�� ��� , 4 ��< â & À â I � ! I " � �>=
$ 8 % ÿ t � , �Ü�



The following is the last lemma.
Lemma 4: Let 4 jTL

be a constant.Thereexists ( & JTL
suchthat, for arbitrary u & -classfunction

` ��ø �
and analytic

function � ��øo� , the following inequalityholds,??? [�@ � t� � ø + @ n ` ��ø �	5 � ��
 �98 � ��� � @ ` t � , �	5 � � ???ï ( &V/W]X [ ÚÜÛ �«�BA-� Ý � Ý + ��e	� Ý
	 � Ý]Ý ` Ý ¬ Ý�	 ` Ý ¬ Ý ` Ý q
where Ý
	 ` Ý � � É Ý
� É ` Ý .
We definefour functionalsof a given function � ��øo� by� �� � � �DC >� � U ��� 8 � � �   t � %�(�, � � & Ù + 5 � � + � ( (11)� �� � � �DC � �� � � ��
 � �� � � �«¬�� �� � � � ( (12)� �� � � �DC �E8 � ��� � 5 � � ( (13)� �� � � �DC �E8 � ��� � 
 � & Ù + �mt � , �	5 � �
� (14)

Note that thesefour functionalsdo not dependon [ .

C. Proof of Theorem 1

Firstly we show the following convergencesin probability
hold. [ ���©��ð���
�� �� � � 0 � � L ( (15)[ ������ð���
�� �� � � 0 � � L ( (16)[ � �¦��ð��6
 � �� � � 0 � � L ( (17)[ � ����ð���
 � �� � � 0 � � Lr�

(18)

Basedon eq.(9) and (13), eq.(17) is obtainedby Lemma
4. Also basedon eq.(10) and (14), eq.(18) is obtainedby
Lemma4. To prove eq.(15),we define

¡ � � Ø �FCº� U¶Ì 
ÇV.W-X�� t� � À â � ' $ U � �&%�� � 5 �m0 � Í (
then, it follows that [ � � ��ð���� [ ¡ � � > � and thereexists

Ld�Ø � � > suchthat[ � � ��ð���� [ � t� � ø + n 5 �m0 �
 [ � � U � t� �   � %�( ø � + ø + n 5 �m0 �¬ [ � � U � t� �   � %�( ø �Hø n 5 �m0 � +¬¶>ß [ ¡ $/Â %� � Ø � � ( (19)

where we used
��U��   � %�( ø �»�3��ø n

. The first term in the
right hand side of eq.(19) is [ � �¦��ð�� . By Lemma 4, the
convergencesin probability??? [ � U � t� �   � %�( ø � + ø + n 5 �m0 �1
�� U � 8 � � �   t � %�(�, � + � 5 �m0 � ???ï (	&V.W-X [ À � I�G �>H G Õ � U �®� Ý�	 �m0 Ý]Ý   � % � Ý¬ Ý�	   � % � Ý ¬ Ý   � % � Ý �¥�ZL

(20)

holds. Since
� U �   t � %�(�, �»�3���

, the sum of the first two
terms of the right hand side of eq.(19) converges to zero
in probability. For the third term, by using the notations

� U �  1� %�( øo�H  � %�( �¦�
��� = ��ø ( �©� , = t ��ø (�, �O� = ��ø ( ��L (�, �*� , and= t2t � , � (�, ��� = �*�¯L (�, � � ( ��L (�, �*� , andapplyingLemma4,5 [ � U � t� �   � %�( ø �Hø n 5 �m0 � + 
�� 8 � � �   t � %�(�, � � & Ù + 5 �m0 � + 5ï ??? Å [ � t� Ì ø n � Å [ � tI � = ��ø ( �¦��� n ��
�� 8 � � � = t ��ø (�, � � & Ù + ��� Í ???¬ ??? � 8 � �©Ì � & Ù + � Å [ � t� � = t ��ø (�, �Hø n �
O� 8 / � � / � = t¢t � , � (�, �m� � � � � & Ù + ��� Í ???ï (	& Å [V.W-X [ � t� � ø n � À � I�G �>H G Õ ��� Ý�	 �m0 Ý]Ý = Ý ¬ Ý
	 = Ý ¬ Ý = Ý �¬ (�&V/W]X [ À � I�G �>H G Õ ��� Ý�	 �m0 Ý-Ý = Ý ¬ Ý
	 = Ý ¬ Ý = Ý � ( (21)

where‘
5 �	0 ’ is omittedfor simplenotation.Theequation(21)

convergesto zero in probability by Lemma3. Thereforethe
differencebetweenthe third term and

� �� � �m0 � convergesto
zero in probability. For the last term, we have5 [ ¡ $/Â % � Ø � �m5 � ?? � UKJ ��� 6� �   � %�( ø � Â ø Â n 5 �m0 �¬S��� � 6� �   � %�( ø �	5 � 0 � Â
Oà-��� 6� �   � %�( ø � + ø + n 5 � 0 �Ô � � 6� �   � %�( øo�»øY5 � 0 �>L ???ï ß [ �OU Ì Ý   � % � Ý Â � � 6� � ø Â n 5 � 0 � Í �
By applyingLemma3,5 [ ¡ $/Â %� � Ø � �	5�ï ß (Ü+[ & Ù + �OU¶Ì Ý  1� % � Ý Â e > ¬ Ý � 0 Ý Â ¬ Ý�� � 0 Ý Â¬ Ý   � % � Ý Â Ù + ¬ Ý��   � % � Ý Â Ù + qmÍ ( (22)

which shows [ ¡ $/Â %� � Ø � � converges to zero in probability.
Henceeq.(15)is proved. Let us prove eq.(16).By defining

¡ ��� Ø ����>[ 0\É2F & 
ÇV.W-X�� t� � À â � ' $ U ù � �&%�� � 5 � 0 � (
it follows that [ � � �¯ð���� [ ¡ � � > � andthereexists

L3� Ø � � >
suchthat[ �����¯ð�� � [ � ����ð���
Ä>� 0\É2F & � t� �   � % É ( ø � + ø + n 5 � 0 �¬¶>� 0\É2F & � t� �   � % É ( ø �Hø n 5 � 0 � + ¬ >ß [ ¡ $/Â %� � Ø � � (
Then by applying Lemma 3, [ ¡ $/Â %� � Ø � � converges to
zero in probability by the same way as eq.(22). By the
samemethodsas eq.(20)and eq.(21) replacingrespectivey�OU_� Ý   � % � + Ý � and = ��ø ( �¦� with

� > y [ � � É Ý   � % É � + Ý and= 0 �?� > y [ � � É  1� % É ( øo�H  � % É ( �¦� , convergencesin proba-
bility >� 0\É2F & � t� �   � % É ( ø � + ø + n 5 �m0 �1
 � �� � �	0 ���ZL

>� 0\É2F & � t� �  1� % É ( øo�»ø n 5 �m0 � + 
�� �� � �	0 � � L



hold, resultingthat the convergencein probability[ �����¯ð���
 [ � ���¯ð���¬ [ � �¦��ð��6
 [ ���¦�¯ð�����Lr�
(23)

holds.Thereforeeq.(16)is obtained.By combiningeq.(15)-
eq.(18),convergencesin probability holds,[ ����
�� �� � � 0 � � L ( (24)[ � � 
�� �� � �m0 � � L ( (25)[ � � 
 � �� � �m0 � � L ( (26)[ � � 
 � �� � �m0 � � Lr�

(27)

Four functionals
� �� � � � , � �� � � � , �C�� � � � , and �C�� � � � are con-

tinuous functions of � 8��$� ó �
. From the convergencein

law of the empiricalprocess�	0 � � , convergencesin law� �� � �m0 ����� �� � � � ( � �� � �m0 ����� �� � � � (� �� � � 0 ��� � �� � � � ( � �� � � 0 ��� � �� � � � (
are derived. ThereforeTheorem1 (1) and (2) are obtained.
Theorem1 (3) is shown in [28] (Q.E.D.)

D. Proof of Theorem 2

Before proving the theorem,we preparea property of
gaussianprocess.Let

e ö E q vE.F & be independentgaussianran-
domvariableson " which satisfy

��� ö E � �ºL ( �'� ö E ö É � �NM E É .
For suchrandomvariables,��� ö EPO � ö E �»�o���'� �� ö E O � ö E �»�
holds for a differentiablefunction of O �HQ �

. Since { + � � � is a
separableHilbert space,thereexists a completeorthonormal
system

e À n ��� ��q vn F & . By defining

¡ n ��ø ��� �   ��� ( øo� À n ��øo� � ��� �Y�-� (
we have a relations   ��� ( øo� � v\n F & ¡ n ��øo� À n ��� � (� U �   � %�( øo�H  � %�( �©�»��� v\n F & ¡ n ��øo� ¡ n �B�©�Ü�
The tight gaussianprocessdefinedby

� � ��ø ��� v\n F & ¡ n ��øo� ö n
hasthe sameexpectationsand covariancematricesas � ��øo� ,
thereforeit is subjectto the sameprobability distribution as� ��øo� . Thus we can identify � ��ø �S� �]� ��øo� in calculationof
expectationvalues.��� � ��ø � � ���¦�
�«� v\ E.F & ¡ E ��øo� ¡ E ���¦��� (28)

If
ø ( ��8 ó t , then�'� � ��ø � � ���¦�
�o�º� U �   � %�( øo�H  � %�( �¦�
�
� (29)

Let us prove Theorem2. We usenotations,

Q'�¯ ¦��� � vt � �R��< â & À â I � !S' I " � (
� �]ø � � \ ô 6 � �]��� , M¦��� � , 4 (
@C� �	0 ��� � �-ø � Q'� � ��øo�*� (

where
ød�f��� (�, � are introduced.Then���'� � �� ��� >� + ��� ��U_� B : �-ø �   � %�( øo�>Q � � � ��øo�*�@C� � � G + �/�

��� � �� ��� >� + ���T: �]ø � Q � � � � ��ø �2�@C� � � �
��� � �� ��� >� + ���T: �]ø � Q � � � � ��ø �2�@C� � � �1
 Ï �

where Ï is a constantdefinedby

Ï C ��� : �]ø � � ��ø ��Q � � � ��ø �2�@C� � � �
� ��� � �]ø � e v\ E.F & ¡ E ��øo� ö E q

Q � � � ��ø �2�@�� � � �
� ��� � �]ø � e v\ E/F & ¡ E ��øo� �� ö E q

Q � � � ��ø �2�@�� � � �
�
Thenby usining

�� ö E
Q � � � ��ø �2�@�� � � � Q � � � � ��ø �2� ¡ E ��øo�@�� � �
 Q � � � ��øo�*�@C� � � + � ��� � Q � � � ���¦�*� ¡ E �B�©� (

we obtain

Ï � ��� � �]ø � Q � � � � ��øo�*� � vE/F & ¡ E ��øo� +@C� � � �

O��� � �]ø � � ��� � Q � � � ��ø �2�>Q � � � �B�©�2� � E ¡ E ��øo� ¡ E ���¦�@C� � � + �

� ��� � �]ø � �UQ � � � � ��ø �2�@�� � � �

O��� � �]ø � � ��� � Q � � � ��ø �2�>Q � � � �B�©�2�H��� � ��øo� � �B�©�»�@C� � � + � (

wherewe usedeq.(28).By applyingeq.(29),

Ï � ���'�T: �-ø � Q � � � � ��øo�*�@�� � � �

O���OU_� B�: �]ø �  1� %�( øo�>Q � � � ��øo�*�@�� � � G + �� �®� + ��� � �� �­
���� + �'� � �� �
�

Since Ï �T������� � �� �­
���� � �� ��� (
we obtain the Theorem2. (Q.E.D.)



E. Proof of Theorem 3

By using the partial integration, for an arbitrary
 
,

� vt À â I � � ��<^À I ' " � � � � >� � vt À â I � �� � B�� ��<^À I ' " � G$� � �
Hence� vt � � �¯� � 
 Å �  �
 �-Á� � ��< â & À â I � ! I " � ' �TLr�
It follows that � �� � �m0 �«¬ � �� � �m0 ��
 �-Á� �TL (
which is the conclusionof Theorem3. (Q.E.D.)

V. DISCUSSION

We definea constantV jlL
by

V � >��� � Ì : �-ø � � ��ø ��Q � � � ��ø �2�@�� � � Í �
Note that V is a constantfor [ , but it dependson

�
. Thenit

follows that��� � � ��� � Á�
 V� ¬ V �o>[ ¬´Î¦�¦>[ � ( (30)��� ������� � Á�
 V� 
 V �o>[ ¬´Î¦�¦>[ � ( (31)�'� � � ��� � Á� ¬ V � >[ ¬´Î¦� >[ � ( (32)�'� � � ��� � Á� 
 V �o>[ ¬´Î¦�r>[ �Ü� (33)

Here
Á�JTL

is a constantwhich doesnot dependon
�

. If a
learningmachineis regular then

Á²� V �Ä�¦y��
, where

�
is

the dimensionof the parameterspace.As is proven in this
paper, by measuringboth Bayesand Gibbs training errors,
we can estimate

Á
and V using equationsof states.It is a

futurestudyto clarify the function V � V ����� . This valuehas
importantinformationof singularities.

VI . CONCLUSION

Based on singular learning theory, we establishedthe
equationsof states in learning which hold for any true
distribution, any learningmachine,anda priori distribution,
and any singularities. Using the equationsof states,we
proposedwidely applicableinformation criteria, which can
be usedin both regular andsingularlearningmachines.
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