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Abstract— Almost all learning machines used in computa-
tional intelligenceare not regular but singular statistical models,
becausethey are nonidentifiable and their Fisher information
matrices are singular. In singular learning machines, neither
the Bayes a posteriori distrib ution corverges to the normal
distribution nor the maximum likelihood estimator satisfies
the asymptotic normality, resulting that it has been difficult
to estimate generalization performances. In this paper, we
establish a formula of equations of stateswhich holds among
Bayes and Gibbs generalization and training errors, and show
that two generalization errors can be estimated from two
training errors. The equations of states proved in this paper
hold for any true distribution, any learning machine, and a
priori distribution, and any singularities, hence they define
widely applicable information criteria.

|. INTRODUCTION

A. Background

A lot of learning machinesused in computer science
and brain informaticsare not regular but singular statistical
models. A model is called regular if the mapping from
the parameterto the probability distribution is one-to-one
andif Fisherinformation matrix is always positive definite.
Almost all learning machinesemployed in computational
intelligencehave hierarchicalstructuresor hiddenvariables,
hencethey are singular learning machines.In regular sta-
tistical models,Bayesa posterioridistribution corvergesto
the normal distribution and the maximum likelihood esti-
mator satisfiesasymptoticnormality Whereas,in singular
learningmachinesBayesa posterioridistribution corverges
to the singulardistribution [17] andthe maximumlikelihood
estimatordiverges to infinity [6], [5], [7]. Singularitiesin
the parameterspacestrongly affect learning dynamics[1].
These are universal phenomenain singular learning ma-
chines,which preventus from analyzingtheir generalization
performances.

Recently we establishedain algebraicgeometricaimethod
for singularlearning machines[18], [19], [20], [21], [22].
Basedon resolutionof singularities,we proved that Beyes
mauginal likelihoodis determinecdby the largestpole of zeta
function.It wasshavn by theseresultsthatthe generalization
errorsof singularlearningmachinesdependon singularities.
In practical applications,the true distribution is unknown,
henceit hasbeendifficult to estimatethe singularitiesof the
true setof parameters.
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B. Equations of States in Learning

In this paper we derive aformulawhich holdsamongfour
errors, BayesgeneralizationB,, Bayestraining B;, Gibbs
generalizationd,, and Gibbstraining G;. The equationsof
statesproved in this paperare

E[B,| - E[B)] = E[G,] - E[GY]
= 2B(E[G:] - E[BY).

The formula holds for arbitrary true distribution, arbitrary
learningmachine arbitrarya priori distribution, andarbitrary
singularities.Hencewe can estimateBayesand Gibbs gen-
eralizationerrors from Bayesand Gibbs training errors. In
otherwords,we canconstructwidely applicableinformation
criteria which can be used in both regular and singular
learningmachines.

C. Examples of Sngular Learning Machines

The following learning machinesare not regular but
singular statisticalmodels.(1) layeredneural networks, (2)
radial basisfunctions,(3) normalmixtures,(4) binomial mix-
tures,(5) reducedrank regressions(6) Boltzmannmachines,
(7) Bayesnetworks, and (8) hiddenMarkov models.Almost
all learning machinesare singular [26]. In theselearning
machines,if a learning machineis smaller comparedwith
the true distribution, then the set of true parameteris an
analytic setwith singularities.In singularlearningmachine,
AIC doesnot correspondto the average prediction error,
and BIC doesnot equalto the asymptoticevidence.Hence
in order to establisha mathematicaffoundationfor model
selectionand hypothesistesting, we needsingularlearning
theory

Il. MAIN RESULTS

Let ¢(x) be a probability density function on N dimen-
sional EuclideanspaceR”" and X be a random variable
which is subjectto ¢(z). Also Let Xy, X>, ..., X,, be ran-
dom variableswhich are independentlysubjectto the same
probability distribution as X. In learning theory ¢(z) and
X1,Xo,...,X, arerespectiely called the true distribution
and a setof training samples.

A learningmachineis definedby a probability distribution
p(z|w) of z € R™ for a given parameterw € R?. A
probability density function ¢(w) is also defined on R¢,
which is called an a priori distribution. The a posteriori
distribution p(w) is definedby

pla) = 5 o) ([[p0xi)’

where 8 > 0 is an inversetemperatureLet E,[-] be the
expectationvalue by this probability distribution. We define



four errors.
(1) Bayesgeneralizatiorerror.

B, = Ex|log E ax) J-

wp(X |w)
(2) Bayestraining error.

1 ¢ q(Xi)
B, = — I .
‘T ; %8 Bup(X;[w)

(3) Gibbsgeneralizatiorerror.

q(X)
p(X|w)

G, = E,Ex|log ]

(4) Gibbstraining error.

q(X;)
p(Xi[w)

We need the mathematicalassumptionswhich ensurethe
theoremsLet us definea log densityratio function by

q(z)
p(z(w)’
In this paper we assumethe following threeconditions.
(A.1) Assumethat the setof parameterd¥ is a a compact
setwhich is a closureof an opensetin R%. The setW is
definedby

W= {w € Rd;ﬂ-l(w) > 0,"'7i'k(TU) > 0}3

1 n
Gy = E,— 1
t n;()g

f(z,w) =log

where 71 (w),---,m(w) are analytic functions, and the
a priori probability density p(w) is given by ¢(w) =
wo(w)p1(w) whereyg(w) > 0 is a C*-classfunction and
1 (w) > 0 is an analyticfunction.

(A.2) Let s > 9/2 be a constantand L?(g) be the comple
Banachspacedefinedby

L*(g) = {f (@) ; / (@) g(2)dz < oo}.

Assumethat there exists an open set W' c C? which
containsW suchthat a function W' > w — f(-,w) is an
L#(q) valuedanalyticfunction.

(A.3) Let Wy = {w € W ; g(z) = p(z|w)} be the set of
true parametersThe set W, is not the empty setand there
exists an opensetW* C C? which containsiW suchthat

Ex[ sup [f(X,w)|*)] < oo.
weW =

Remark. Theseassumptionsare needby the mathematical
reasons.

(1) These conditions allow the casethat the set of true

parameter$Vy = {w € W;q(z) = p(z|w)} is notonepoint

but an algebraicsetor an analyticsetwith singularities,and

that Fisherinformation matrix haszero eigenvalues.

(2) The conditionthat W is compactis necessanpecause,
evenif thelog densityratio function is an analytic function

of the parameter|w| = oo is singularityin general By this

reason,If W is not compactand W, contains|w| = oo,

the maximumlik elihood estimatordoesnot exist in general.
In fact, if z = (z1,22), w = (a,b), and f(z,w) =
(zy — asin(bz1))?/2, and Wy contains{a = 0}, then the
maximumlik elihoodestimatomever exists.Onthetherhand,
if lw| = oo is not singularity R¢ U {|w| = oo} can be
understoodas a compactset and the sametheoremsas this
paperhold.

Basedon the assumptiongA.1),(A.2), and (A.3), we showv
Theorems.

Theorem 1: (1) There exist random variables B}, B;,
Gy, and G; such that, when n — oo, the following
cornvergencesn law hold.

nB, — By,
nGy = Gy,

nB; — B:,
(2) Whenn — oo, the corvergencein probability holds,
n(B, — By — G, + Gy) — 0.
(3) Expectationvaluesof four errorscorverge,
E[nBy] — E[B,], E[nB;] — E[B{],
E[nGy] — E[G}], E[nG:] = E[G;].
For the proof of this theorem seesectionlV. The following
Theoremis the main formula of this paper

Theorem 2: (Equations of States in
Estimation). The following equationshold.

E[B;] - E[B;] = E[G)] - E[G;]
= 20(E[G{] - E[B}]).

Statistical

@)

Remark. (1) Theorem2 shaws the increase®f errorsfrom
training to prediction are in proportion to the difference
betweenBayesand Gibbs training. We call Theorem2 as
Equations of Statesin Statistical Estimation, becausehey
hold for ary true distribution, ary learning machine,ary a
priori distribution, andary singularities.

(2) Althoughthe equation®f stateshold universally the four
errors themseles strongly dependon a true distribution, a
learningmachine,an a priori distribution, and singularities.
(3) Theorem?2 also shawvs the conseration law that the
differencefrom the Bayeserror to Gibbs error is invariant
betweentraining and generalization,

E[G]] - E[B;] = E[G;{] - E[B;]. )

As is shawvn in Theoreml, this conseration law holds not
only asexpectationsput alsoasrandomvariableswhenthe
numberof training samplestendsto infinity.

Corollary 1: The two generalizationerrors can be esti-
matedby the two training errors,

(E[Bg]>:<1_2ﬂ 2/6 )(E[Bt]> (3)

E[G}] -2 14203 E[Gy]

Remark. (1) From eq.(3),it follows that
EGII\_(1-28 28 E[G7]
(Eieit ) - ( )

—28 1+28 E[B]



which shavs thatthereis a symmetrybetweergeneralization
errorsandtraining errors.

(2) A statisticalmodel is called regular if the set of true
parameterd¥y = {w € W;q(z) = p(z|w)} consistsof
onepointandif Fisherinformationmatrix is alwayspositive
definite.Note that a regular modelis a very specialexample
of singularlearningmachinesFor a regular statisticalmodel,
we have

d d
BB]=5, PG =(+3)5,
d d
BB = -5  BlG]=(-1+ )5

which is a specialcaseof Theorem?2.

Theorem 2 reveals the universal relations among four
errors.It holdsevenif the setof true parameterfiascomple
singularities. However, its fact simultaneouslyshows that
we can extract no information of singularitiesdirectly from
Theorem2. Theorem3 shaws thatfour errorshave important
information aboutsingularities.The Kullback-Leiblerinfor-

mationis
K(w) = Bxlf(X,u)] = [ ao)tog 1)

The zeta function of a learningmachineis definedby

- / K(w)* p(w) dw. (4)
w

The zetafunction is a holomorphicfunction of a comple

variablez in theregion Re(z) > 0, which canbe analytically
continuedto a meromorphicfunction on the entire comple

plane.lts polesare all real, negative, and rational numbers
(for the proof, see[4][9][22]). They arereferredto as

0>=-AM>-X>—-A3>---.

The orderof eachpole A, is denotedoy m;. We simply use
notationsA = A; andm = m; for the largestpole and its
orderrespectiely.

Theorem 3: (1) When n — oo, the corvergence in
probability

2
nGg+nGt—F/\—>0

holds. Therefore

E[G}]+ E[G}] = —.
Also the following corollary holds.
Corollary 2: The following corvergencein probability
holds,

®)

2A
—TLBt+27’LGt— — = 0.

nB, 3

In particulay if 3 =1, E[B;] = X

By this theoremand corollary, if one knows the true dis-

tribution, one can predict Bayes and Gibbs generalization
errorsfrom Bayesand Gibbstraining errorswith probability
one,whenn tendsto infinity. In practicalapplications,we

seldom know the true distribution, however, this fact is

useful in computersimulation researchof learning theory
and statistics.Corollary 2 wasfirstly discoveredin [18][20].

Sincethe constant\ strongly dependson the true distribu-
tion, the learning machine,and the a priori distribution, it

characterizethe propertiesof learningmachinesThe values
of several models have been studied in neural networks
[21], normal mixtures [30], reducedrank regressions[2],

Boltzmannmachineq31], hiddenMarkov models[32]. Also
the behaior of A was analyzedin the casewhen Jefreys’

prior is emplgyed as an a priori distribution [19], and in

the casewhen the distanceof the true distribution from the
singularityis in proportionto 1/+/n [23].

I1l. WIDELY APPLICABLE INFORMATION CRITERIA

The main purposeof this paperis to prove the theorems.
However, in order to illustrate the reasonwhy the results
of this paperare important,we proposewidely information
criteria and introducean experiment.Experimentalanalysis
in practicalapplicationsis a future study

A. Basic Concepts

Basedon Corollary 1, we establishnew informationcrite-
ria which canbe usedin both regular and singularlearning
machines.Let us define Bayes generalizationloss, Bayes
training loss, Gibbs generalizationloss, and Gibbs training
loss by

BLy = Ex[-log Ey[p(X|w)]],
1 n
BL = - _1 Eu) X )
C = ROl
GL, = E EX[—logp(X|w)]
GL, = Z log p(X;|w)].
]:1

Theselossesarerandomvariables.Both training lossesB L,
and GL; can be numerically calculatedbasedon training
samplesD,, and a learning machine p(z|w) without ary
knowledgeof the true densityfunction ¢(z). By addingthe
entropy of the true distribution to Corollary 1

n

S = —/q(m) log q(z)dz = E[% Z - IOgQ(Xi)]7

i=1

we obtainthe equations,
E[BL,] =

2/3E[GLt] + (1 — Qﬁ) [BLt] + O(

1
o)
1

FIGL,] = (1+20)F[GL] —26EIBL] +o(>).

Let us definewidely applicableinformation criteria (WAIC)
by

WAIC, =
WAIC,

28 GL, + (1 — 28) BLy,
(1+28) GL, — 28 BL,.



Then expectationsof two criteria respectrely equalto the
Bayesand Gibbs generalizatioriosses,

E[BL,] = E[WAIC:i]+o(=),

).

Therefore W AIC; andW AIC, give the indicesfor model
evaluation.

E[GL, = E[WAIC,]+ of

SI=3|+

Remark. If a modelis regular,

26(E[G] - E[B/]) = d, (6)

holds. When 8 — oo, both Bayesand Gibbs estimations
resultin the maximumlikelihoodmethod,henceeq.(1)gives
the well-known information criterion AIC. In otherwords,
WAIC canbe understoodas generalizednformation criteria
of AIC for singularlearningmachinesin singularlearning
machines,eq.(6) does not hold, however, the symmetry
of generalizationand training errors also holds when the

parameteisetis compact[24].

B. Experiments

We studiedreducedankregressionsTheinput andoutput
vectoris z = (z1,72) € RM x Rz andthe parameteiis
w = (A, B) where A and B arerespectrely N; x H and
H x N, matrices.The learningmachineis

1 1
p(z|lw) = Q(Hfl)m eXP(—ﬁH@ — BAz|)?).

Sinceq(z1) hasno parameterit is not estimated.The true
distribution is determinedby matrices 4, and By such
that rank(BgAg) = Hp. The algebraicvariety of the true
parametersK (A, B) = 0, where

K(A,B) x ||[BA — BoAol?,

has complicated singularities. We conductedexperiments
in a casewhen Ny, = Ny, = 6, H) = 3, 8 = 1,

n = 1000, and ¢ = 0.1. The a priori distribution was
p(A, B) < exp(—2.0 - 1073(||A||? + || B||?)). Reducedrank
regressionswith hiddenunits H = 1, 2, .., 6 wereemplog/ed.
The a posteriori distribution was numericallyapproximated
by the Metropolis method, where initial 5000 stepswere
omitted and 2000 parametersvere collectedafter every 200
steps.Expectationvalues B, WAIC:, E,;, WAIC> were
averagedby 20 trials, that is to say 20 setsof training
samplesvereindependentlytaken from the true distribution.

Theoreticalvaluesof E[B,] for 3 = 1 were given in [2].

The resultsin table.1shav why the resultsof this paperare
important.

IV. SINGULAR LEARNING THEORY

In this paper we shov outline of theorems.For the
mathematicallyrigorousproof, see[28].

Theory By

1.677973
0.826303
0.012696
0.014491
0.015600
0.016481

WAIC, Gy

1.668674 | 1.688998
0.797272| 0.853480
0.014204 | 0.026243
0.015340| 0.030163
0.016078| 0.031975
0.016687 | 0.033334

W AIC,

1.679448
0.823484
0.027413
0.030554
0.032011
0.033048

0.013500
0.015000
0.016000
0.017000

CUAWNRT

TABLE |
EXPERIMENTAL REULTS

A. Resolution of Singularities
The main region in the parameteisetto be studiedis

We={weW; K(w) <€}

for a sufiiciently small e > 0. The set W \ W, does
not affect the asymptotic behaiors [28]. By applying
the Hironaka desingularitzationtheorem[8] to K (w)(e —
K(w))p1 (w)m (w) - - - 1 (w), thereexist a manifold M =
UaU WhereU, is alocal coordinateand a properanalytic
mapg : U, — W, written by w = g(u), suchthatin each
U, functions K(w), (e — K (w)), ¢1(w), m(w), ---, and
mr(w) areall normalcrossing.Thatis to say

d

2kj
H Ui s

J=1

K(g(u) = u** =

and
d

plg(u)lg'(w)| = blu)lu"| = b(w)| T uj’l,

Jj=1

where |¢'(u)| is Jacobian,h = (ki,ks,....kq) and & =
(h1, ha, .., hq) aresetsof nonngative integers,andb(u) > 0
is a C> classfunction. Note that g(u), k, and h dependon
the local coordinateU,,, however, for simple notations,we
omit « that identifiesthe local coordinate By applyingthe
partition of unity to M, we canassumehat g=! (W) is the
union of coordinateq0, 1]¢ andthat

p(g(u)lg' ()| = u" Y(u),

wherey(u) > 0 is a C* classfunction. Existenceof such
amanifold M andananalyticmapw = g(u) is well known
in algebraicgeometry[10Q], algebraicanalysis[4, [9], and
learningtheory[20]. SinceW is compactand g is a proper
map,g (W) is alsocompactFor our purposewe needonly
the compactsubsetg= (W) in M. Therefore hereafterwe
use notationg~!(W) = M, which is a compactsubsetof
the manifold. The setof true parameterss denotedoy Wy =
{weW; Kw)=0} andMg = {u e M ; K(g(u) =
0}.

Let us definethe supremunmnorm by
Il = sup [f(u)].
ueM

Then we have a standardform of the log density ratio
function.



Lemma 1. Thereexistsan L®(q) valuedanalyticfunction
M 3> uw a(z,u) € L°(q) suchthat
k

[z, 9(w)) a(z,u) u”,
Exla(X,u)] = u",
K(g(u) =0 = Ex[a(X,u)’]=2,
Ex[lla(X)[I°] < oo
This lemma shaws that, if there are only normal crossing
singularitiesin the parametesset, the ideal generatedy the
setof true parameterss trivial, resultingthatthe log density

ratio functionis alsotrivial. For the proof of this lemma,see
[28]. We define||a(X)|| = sup,caq |a(X, ).

B. Empirical Processes
An empirical processt,, (u) is definedby

£lu) = %;a*(xi,u)

wherea*(z,u) = Ex[a(X,u)]—a(z,u). Thentheempirical
processsatisfiesthe following Lemma.
Lemma 2: The empirical processsatisfies

Bl
E[[| V&I

< Const. < o
< Const. < 0©

where Const. does not dependon n, and ||V&,| =
d

> =1 10i&nll-

Let the Banachspaceof the uniformly boundedand contin-

uousfunctionson M be

B(M) = {f(u) ; lIf]l < oo}

Since M is compact,B(M) is a separablenorm space.lt

was proved in [24] thatthe empirical processt,, (u) defined
on B(M) weakly corvergesto the tight gaussianprocess
¢(u) that satisfies

Eel((u)] = 0,
Eel€(u)€(v)] Ex[a*(X,u)a™ (X, v)].

If u,v € My,
Ex[a*(X,u)a"(X,v)] = Ex[a(X, u)a(X,v)].

It is well known that a tight gaussianprocessis uniquely
determinedy its expectationandcovariancematrix of finite
points. In a singular learning machine,Fisher information
matrix is singular however, Ex[a(X,u)a(X,v)] canbe un-
derstoodasthe generalizedconceptof the Fisherinformation
matrix.

Let £(u) be anarbitrarydifferentiablefunction. We define
the averagef(u) over M for £(u) by

ST 2

> /H Z(u,€) du

EZ[f(w)lg] =

?

where}’  is the summatiorover all coordinatesof M, 0 <
o<1, and

Z(u, &) = ub h(u) e Prv’ HAVRUTE(u)touta(Xu)

Lemma 3: Assumethatk; > 0. For an arbitraryanalytic
function &(u),

EI[u™(g) < {1+l + l0u6l
+olla(X)] + ollra(X)]1},
Eute] < [P + 1ol

+(olla(X) N2 + (ol10ra(X))*/?},

Whereé31 = (6/8%1), cp = 03(k1 + 1)/,6+ ]./2, Cy =
c35((ky + hy +1)/8 + 1)3/2, andes = [[][]11/4]]
Note that, by Lemma3, G, (¢) is asymptoticallyuniformly
integrable.For the proof of this Lemma,see[28].

Sincew = g(u), we rewrite the major partsof four errors
as

By(e) = Ex|[—logEd[e X ¢, 1], @)
Bie) = %;—logEﬁ[e—“W“Wa], ®
Gyle) = Eplu*|&], )
Gule) = Eﬁ[u%—%u’“snw)m (10)

Without loss of generality in eachlocal coordinate we can
assumeu = (z,y) z e R,y e R", (r' =d—7r), k =
(k, k"), h=(h,h"), and

hi+1  h.+1 hi+1
2kr 2k % T 2%k, —
We definep = h' — 2k' A, € R", then
hi+1
. )} P = —
wi > h; — 2k; oK 1,

hencey* is integrablein [0,1]"". Both A, andr dependon
the local coordinate.Let A be the smallest\,, and m be
the largestr amongthe coordinatesn which A = A,. Then
(=) andm are respectrely equalto the largestpole and
its order of the zetafunction of eq.(4).Let o* be the index
of the setof coordinateswvhich satisfy A\, = A andr = m.
As is shown in the following lemma,only coordinated/,,-
affect four errors.Let )~ . be the sumof suchcoordinates.

For a given function f(u), we use a notation fo(y) =
f(0,). Also ag(X,y) = a(X,0,y). The expectationfor a
given function £(u) is definedby

> / it [y 100 20000
Z/Om dt/dy Zo(y,t,€)

where [ dy shaws f[o , dy and

By [f(y,0)[€] =

Zo(y,1,€) = y* A Le PHAVEQ Wy (y).



The following is the lastlemma.

Lemma 4: Let p > 0 be a constant.Thereexistsc¢; > 0
suchthat, for arbitrary C*-classfunction f(u) and analytic
function £(u), the following inequality holds,

n? Ep[w?* f(u)l€] = Byt fo(y)IE]
< logn exp(BIIEIMBIVENILI + IV AL+ LI

where||V f[| =32, [10; fl.
We definefour functionalsof a given function £(u) by

Bi©) = 5Ex[Eyla(Lo)f ], A
Bi©) = GHO-GO+B©, (12
G©) = Eylid, (13
GO = Bylt— 176 (14

Note that thesefour functionalsdo not dependon n.

C. Proof of Theorem 1

Firstly we shav the following corvergencesn probability
hold.

nBy(e) = By (&) — 0, (15)
nBi(e) = Bi(§&) — 0, (16)
nGy(e) — Gi(&) — 0, (17)
nGy(e) = Gi (&) — 0. (18)

Basedon eq.(9) and (13), eq.(17) is obtainedby Lemma
4. Also basedon eq.(10)and (14), eq.(18)is obtainedby
Lemmad. To prove eq.(15),we define

by(0) = Ex [— log Eg[e_”(x’”)"’c 5] ],

then, it follows that nB,(€) = nb,(1) andthereexists 0 <
o* < 1 suchthat

nBy(e) = nEu*c.]
~ 2 Ex ES[a(X, u)*u?|¢]
+5 Ex BSla(X, uut|€.)?

1
+6nb§3)(a*), (19)
where we used Ex[a(X,u)] = u*. The first term in the
right hand side of eq.(19)is nG,(e). By Lemma 4, the
cornvergencesn probability

nEXEg[a(X, u)2u2k|§n] — ExEy [ao(X, y)2t|§n]
18l B [ BV En|llla(X)|

logn
+HIVa(X)[| + lla(X)[[] = 0

IN

(20)

holds. Since Ex[ao(X,y)] = 2, the sum of the first two
terms of the right hand side of eq.(19) corvergesto zero
in probability For the third term, by using the notations

Exla(X,u)a(X,v)] = p(u,v), po(u,y) = p(u,(0,y)), and
pOO(yla y) = p((07 yl)a (07y))! and applylng Lemma4,

InEx B3[a(X, u)u&n]? = B lao (X, )t |6
VR ES [t (VR Elp(u,v)e*] - Eyalpo(u, v)t'/%)]
+[ By [172 (VR ESlpo (s y)u]

~Ey v lpooly' )]
cvn

logn

Al g|1v \V/
Fiogn® BIVEllloll + 1V oll + {lolD),

IA

2
E[u*] P11 (81IV Ealllloll + 19 o1l + o)

IA

(21)

where|¢,,’ is omittedfor simplenotation.The equation(21)
convergesto zeroin probability by Lemma3. Thereforethe
differencebetweenthe third term and B; (&,) corvergesto
zeroin probability. For the lastterm, we have
b @) = |Bx{EZ la(X, u)*u™ &)

+2E7 [a(X, u)[éa]?

_3EZ* [Cl(X, u)2u2k|£n]

X B [a(X, u)uléa) }|

< 6nEx[la(X)IP B [u™[€a]].

By applyingLemma3,
6c
s Ex [laCOI {1+ 1gall® + 19611

+Hla(X)|1*2 + ||3a(X)II3/2}],

b ()] <
(22)

which shows nb§3) (o*) corverges to zero in probability.
Henceeq.(15)is proved. Let us prove eq.(16).By defining
1 .
—_ -1 EO —oa(Xj,u)u "
bi(0) = = > —log Elfe €],

i=1

it follows thatnB;(e) = nb;(1) andthereexists0 < o* < 1
suchthat

1« .
nBile) = nGi(e) -3 Z;Eg[a<xj,u)2u2k|sn]
=
1= o ke 12, 1 o2(3), «
+§;EU[G(X]',U)U |§n] +6nbt (U )a

Then by applying Lemma 3, nb§3)(a*) corverges to
zero in probability by the sameway as eq.(22). By the
samemethodsas eq.(20) and eq.(21) replacingrespectiey
Ex[lla(X)?[l] and p(u,v) with (1/n)3; [la(X;)?|| and
pn = (1/n)3; a(X;,u)a(X;,v), convergencesin proba-
bility

5 > Bla(X;, w e iea] - Gy(6) 0
j=1

5> B up e B(6n) 0



hold, resultingthat the corvergencein probability
nB(e) —nGi(e) + nGy(e) —nBy(e) - 0.  (23)

holds. Thereforeeq.(16)is obtained.By combiningeq.(15)-
eq.(18),corvergencesn probability holds,

nBy — B*(gn) - 0, (24)
nB; — Bf (&) — 0, (25)
nG, G*( n) — 0, (26)
nG: — Gy (&) — 0 (27)
Four functionals B; (£), B;(§), G (§), andG¢ (&) arecon-
tinuousfunctionsof £ € B(M). From the convergencein

law of the empirical processt,, — &, corvergencesn law
By(&n) = By(§),  Bi (&) — B (8),
Gy(6n) = GG(),  Gi(&n) = G1(6),
are derived. ThereforeTheoreml (1) and (2) are obtained.
Theorem1 (3) is shavn in [28] (Q.E.D.)

D. Proof of Theorem 2

Before proving the theorem,we preparea property of
gaussiarprocesslet {g;}°, beindependentaussiarran-
domvariableson R which satisfy E[g;] = 0, E[g:9;] = Ji;-
For suchrandomvariables,

Elg:F(g:)] =

0
dg; F(g:)]

holdsfor a differentiablefunction of F(-). SinceL2(q) is a
separableéHilbert spacethereexists a completeorthonormal
system{er(z)}52 ;. By defining

be() = / a(e, ) ex(w) q(z) de,

we have a relations

a(z,u) = ibk(u)ek(m)
k=1

Ex[a(X,u)a(X,v)] = ibk(U)bk(v)
k=1

The tight gaussiamrocessdefinedby

u) = i br (1) gk
k=1

hasthe sameexpectationsand covariancematricesas &(u),
thereforeit is subjectto the sameprobability distribution as
&(u). Thuswe canidentify £(u) = £*(u) in calculationof
expectationvalues.

oo

E[gu)é()] =) bi(w)bi(v) (28)
If u,v € My, then
E[¢(u)é(v)] = Ex[a(X,u)a(X,v)]. (29)

Let us prove Theorem2. We usenotations,

Y(a) = / dt t2 1! —ﬂt-i-aﬁ\f
/dU* = Z/dm dy §(z
266) = [y

whereu = (z,y) areintroduced.Then

. Jdu*a(X,u)Y' (E(u))\2
2B[B;)] ﬂQE[EX[( 7% )l
. J duY" (§(u))
E[GY] ﬂ2 [f 7© ]
o du*Y”(ﬁ( ), A
where A is a constantdeflnedby
_ o du )Y ((u))
fE ATy

(E(u))
B[ v {Z” (5) ]

Y'(€(u))
/du {Zb 700 ].

Thenby usining

0 Y'(Ew) _ Y"(§w)bilu)
dg:  Z(§) Z(£)
£u)

) 4y

Zl bi(“)2

we obtain

A / iy Y”(E(U))E
—E/d /d *Y'
_ E[/d *2Y” ]

£(v) E[§(u)é(v)]

‘E/d“/d* vt

wherewe usedeq.(28).By applyingeq.(29),
2r) du*;@()s(u))]
(L4 e Y €) vy

Z(€)
— 26°E[G}) - 26°E[B;).

A =

]

Y'(€®) 32
Z()?

bi(u)b;(v)

]

]7

A =

Since
A = B(E[Gy] - E[GE]),

we obtainthe Theorem2. (Q.E.D.)



E. Proof of Theorem 3
By usingthe partial integration, for an arbitrary a,
oo 1 oo
/ e Pt o PV gt = = / 0 <2tA eﬁ‘“ﬁ) dt.
0 B Jo ot
Hence

/ dt (2t — vta — 2’7)‘) AL e PV g,
0

It follows that
Gg(éﬂ) + Gt (é’l’b) - F = 07

which is the conclusionof Theorem3. (Q.E.D.)

V. DISCUSSION
We definea constantv > 0 by
_ 1 dur ()Y (§(w)
v=5E 7

Note that v is a constantfor n, but it dependon 3. Thenit
follows that

BB, = (A;”w)%m(%), (30)
BB = (5 -vp+ol). @D
E[G,] = (%—H/)E—Fo(l), (32)
EIG] = (515 +o) (39

Here A > 0 is a constantwhich doesnot dependon 8. If a
learningmachineis regularthen A = v = d/2, whered is
the dimensionof the parameterspace.As is provenin this
paper by measuringboth Bayesand Gibbs training errors,
we can estimate) and v using equationsof states.lt is a
future studyto clarify the functionv = v(8). This valuehas
importantinformation of singularities.

VI. CONCLUSION

Based on singular learning theory we establishedthe
equationsof statesin learning which hold for ary true
distribution, ary learningmachine,anda priori distribution,
and ary singularities. Using the equationsof states,we
proposedwidely applicableinformation criteria, which can
be usedin both regular and singularlearningmachines.
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